
THREE-DIMENSIONAL STRESS FIELDS AND SLIP SYSTEMS FOR SINGLE

CRYSTAL SUPERALLOY NOTCHED SPECIMENS

By

SHANNON M. MAGNAN

A THESIS PRESENTED TO THE GRADUATE SCHOOL

OF THE UNIVERSITY OF FLORIDA IN PARTIAL FULFILLMENT

OF THE REQUIREMENTS FOR THE DEGREE OF
MASTER OF SCIENCE

UNIVERSITY OF FLORIDA

2002



I would like to dedicate this work to my family here in Gainesville, Creekside

Community Church, whose members have taught me many things I could not have
learned in school.



ACKNOWLEDGMENTS

I wouldliketothankmyadvisor,Dr.NagarajArakere,andDr.Fereshteh

Ebrahimiforprovidingmuch-neededbackgroundinformation,guidanceand

encouragement.Theworkpresentedhereisnotonlymyown,butacollaborationwith

thesetwoprofessorsandanotherstudent,LuisForero.Luis'experimentalworkwasof

greathelp,andalsomademeappreciatetheadvantagesof computermodeling.Thanks

arealsodueto myroommate,Jen,for puttingupwithmeandforculturingmethrough

bizarremoviesandplaysoverthelasttwoyears.Finally,I thankGodfor leadingme

hereandsustainingmeeachday;I hopethisworkisworthy.



TABLEOFCONTENTS

ACKNOWLEDGEMENTS....................................................................... iii
TABLEOFCONTENTS........................................................................... iv
LISTOFTABLES.................................................................................. vi
LISTOFFIGURES................................................................................ vii

ABSTRACT.......................................................................................... x

CHAPTERS

INTRODUCTION ................................................................................ 1

Project Background and Goals ............................................................ 1
Test Methods ............................................................................... 13

2 LITERATURE REVIEW ....................................................................... 16

Slip Activation and Deformation .............................................. 16
Anisotropy of Elasticity ......................................................... 19

Notch Tip Deformation ......................................................... 23

ANALYTICAL PROCEDURE ................................................................ 43

Coordinate System Transformation ..................................................... 43

Slip System Shear Stresses and Strains ................................................ 54

4 NUMERICAL SOLUTION" FINITE ELEMENT METHOD ............................ 57

Finite Element Model ..................................................................... 57

Model Characteristics ..................................................................... 61

Solution Location ......................................................................... 65

Assumptions ............................................................................... 66

5 RESULTS AND DISCUSSION .............................................................. 68



Specimen A ................................................................................ 68

Specimen B ................................................................................. 79

Specimen C ................................................................................. 89

Specimen/Orientation Comparison ..................................................... 99

Experimental Results .................................................................. 100

Application ............................................................................... 103

6 CONCLUSIONS ...............................................................................107

7 RECOMMENDATIONS FOR FUTURE WORK ........................................ 108

APPENDIX A Coordinate Transformation Test ............................................. 109

REFERENCES .................................................................................... 111

BIOGRAPHICAL SKETCH .................................................................... 114



LIST OF TABLES

Table

1-1 Slip systems in an FCC crystal ................................................................ 5

2-1 Atomic density on FCC crystal planes ...................................................... 20

2-2 Symmetry in various crystal structures ...................................................... 21

2-3 Stress subscripts ................................................................................ 21

2-4 Experimental sector boundary angles ........................................................ 30

2-5 Orientation II sector boundary angle comparisons .......................................... 32

2-6 Sector boundary angles for Crone and Shield ........................................................... 36

2-7 Slip sectors for plane stress and plane strain assumptions ................................ 40

2-8 Slip sectors for plane stress and experimental results ....................................... 41

3-1 Direction cosines ................................................................................. 49

4-1 Analytical and numerical component stresses for Specimen A .......................... 58

4-2 Analytical and numerical component strains for Specimen A ........................... 59

4-3 Actual (Specimen A) and finite element specimen geometry ............................ 61

5-1 Specimen A dominant slip system sectors ......................................................... 78

5-2 Specimen B dominant slip system sectors ......................................................... 88

5-3 Specimen C dominant slip system sectors ......................................................... 98

5-4 Specimen A experimental results ........................................................... 102



LISTOFFIGURES

Figure Pa_g_

1-1 Helical mold cast turbine blade ................................................................................... 2

1-2 Primary and secondary turbine blade crystallographic orientations; ............................ 3

1-3 Slip lines on the surface of a [100] loaded tensile specimen ....................................... 6

1-4 Turbine blade failure on a {111 } octahedral plane ...................................................... 6

1-5 Radial arcs for numerical stress field calculations ....................................................... 9

1-6 Slip sectors occurring under plastic deformation ...................................................... 10

1-7 Microstructure of PWA 1480 ..................................................................................... 11

2-1 Primary resolved shear stress planes and directions .................................................. 17

2-2 Load and slip directions and angles ........................................................................... 18

2-30ctahedral slip bands ................................................................................................. 18

2-4 FCC crystal structure ................................................................................................. 19

2-5 Notch direction terminology .................................................................. 24

2-6 Yield surface based on plane strain component stresses ........................................... 25

2-7 Specimen orientation for Shield's test specimen .......................................... 27

2-8 Slip systems predicted by Rice .............................................................. 28

2-9 Four-point bending setup used by Crone and Shield ................................................. 29

2-10 Moir_ interferometry strain field ............................................................ 29

2-11 Orientations experimentally tested by Crone and Shield ......................................... 32

2-12 Experimental slip sectors from Crone and Shield .................................................... 33

2-13 Full field slip sectors and slip line traces from Crone and Shield ............................ 34



2-14SchulsonandXu'sspecimenorientation..................................................................37

2-15Slipsectorsunder[-10-1]load..................................................................................39

2-16 MaximumRSSslipsystemplots............................................................. 40

3-1 Material(Xo,Yo,Zo)andspecimen(x",y", z") coordinatesystems...........................45

3-2 Firstrotationaboutthezo-axis...................................................................................46

3-3 Originalandrotatedaxesprojection..........................................................................46

3-4 Secondrotationaboutthey-axis................................................................................47

3-5 Thirdrotationaboutthex'-axis.................................................................................48

3-6 Loadin the[213]direction........................................................................................50

3-7 Twostepcoordinatetransformation..........................................................................50

4-1 Finiteelementanalysisspecimensandorientations..................................................57

4-2 Specimendimensions.................................................................................................60

4-3 Globalandmaterialcoordinatesystems....................................................................62

4-4 Finiteelementmeshaboutthenotchtip ....................................................................63

4-5 Elementsizingonthefrontfaceandthroughthethickness......................................64

4-6 ANSYSSOLID95element.........................................................................................64

4-7 Radialarcsusedfor elementlocationandsizing............................................ 65

5-1 SpecimenA primaryresolvedshearstresses;r = 0.25"p...........................................70

5-2 SpecimenA primaryresolvedshearstresses;r = 0.5*p............................................71

5-3 SpecimenA primaryresolvedshearstresses;r = 1.0*p............................................72

5-4 SpecimenA primaryresolvedshearstresses;r = 2.0*p............................................73

5-5 SpecimenA primaryresolvedshearstresses;r = 3.0*p............................................74

5-6 SpecimenA primaryresolvedshearstresses;r = 5.0*p............................................75



5-7 SpecimenA completeresolvedshearstressfield......................................................77

5-8 SpecimenB primaryresolvedshearstresses;r = 0.25*9..........................................80

5-9 SpecimenB primaryresolvedshearstresses;r = 0.5*9............................................81

5-10SpecimenB primaryresolvedshearstresses;r = 1.0"9...........................................82

5-11SpecimenB primaryresolvedshearstresses;r = 2.0*p...........................................83

5-12SpecimenB primaryresolvedshearstresses;r = 3.0*9...........................................84

5-13SpecimenB primaryresolvedshearstresses;r = 5.0*9...........................................85

5-14SpecimenB completeresolvedshearstressfield.....................................................87

5-15SpecimenCprimaryresolvedshearstresses;r = 0.25*9.........................................90

5-16SpecimenCprimaryresolvedshearstresses;r = 0.5*9...........................................91

5-17SpecimenCprimaryresolvedshearstresses;r = 1.0*p...........................................92

5-18SpecimenCprimaryresolvedshearstresses;r = 2.0*9...........................................93

5-19SpecimenCprimaryresolvedshearstresses;r = 3.0*p...........................................94

5-20SpecimenCprimaryresolvedshearstresses;r = 5.0*9...........................................95

5-21SpecimenCcompleteresolvedshearstressfield.....................................................97

5-22ExperimentalloadforSpecimenA....................................................... 101

5-23ExperimentaltensiletestspecimenMaterialA......................................... 102

5-24Tensiletestspecimenandsurfacesliplines............................................. 103

5-25Numericalplotadjustedforexampleload;yieldstressindicated.................... 104

5-26Numericalplotadjustedforexampleload;maximumRSSchangeswiththeta....105



AbstractofThesisPresentedtotheGraduateSchool
of theUniversityofFloridainPartialFulfillmentofthe

RequirementsfortheDegreeof Masterof Science

THREE-DIMENSIONALSTRESSFIELDSANDSLIPSYSTEMSFORSINGLE
CRYSTALSUPERALLOYNOTCHEDSPECIMENS

By

ShannonM.Magnan

May2002

Chairman:NagarajArakere,Ph.D.
MajorDepartment:MechanicalEngineering

Singlecrystalsuperalloyshavebecomeincreasinglypopularfor turbinebladeand

vaneapplicationsduetotheirhighstrength,andcreepandfatigueresistanceatelevated

temperatures.Thecrystallographicorientationof asinglecrystalmaterialgreatlyaffects

itsmaterialproperties,includingelasticmodulus,shearmodulus,andductility.These

directionalproperties,alongwiththetypeof loadingandtemperature,dictatean

anisotropicresponsein theyieldstrength,creepresistance,creepruptureductility,

fatigueresistance,etc..A significantamountof researchhasbeenconductedto

determinethematerialpropertiesin the<001>orientation,yetthematerialproperties

deviatingfromthe<001>orientationhavenotbeenassessedforall cases.Basedonthe

desiredapplicationanddesigncriteria,acrystalorientationisselectedtoyieldthe

maximumproperties.Currently,singlecrystalmanufacturingisabletocontrolthe



primary crystallographic orientation within 15 ° of the target orientation, which is an

acceptable deviation to meet both performance and cost guidelines; the secondary

orientation is rarely specified.

A common experiment is the standard load-controlled tensile test, in which

specimens with different orientations can be loaded to observe the material response.

The deformation behavior of single-crystal materials under tension and compression is

known to be a function of not only material orientation, but also of varying micro-

deformation (i.e. dislocation) mechanisms. The underlying dislocation motion causes

deformation via slip, and affects the activation of specific slip systems based on load and

orientation. The slip can be analyzed by observing the visible traces left on the surface of

the specimen from the slip activity within the single crystal material. The goal of this

thesis was to predict the slip systems activated in three-dimensional stress fields of a

notched tensile specimen, as a function of crystal orientation, using finite element

analysis without addressing microstructurai deformation mechanisms that govern their

activation. Out of three orientations tested, the specimen with a [110] load orientation

and a [001] growth direction had the lowest maximum resolved shear stress; this

specimen orientation appears to be the best design candidate for a tensile application.



CHAPTER 1
INTRODUCTION

Project Background and Goals

Single Crystal Superalioys

Nickel-base single crystal superalloys have become increasingly popular,

particularly in turbine blade applications, because of their exceptional thermo mechanical

fatigue properties at high temperature. Unlike the more commonly used isotropic alloys,

these superalloys are orthotropic and have highly directional material properties because

they are grown as single crystals (i.e. as one grain). The most common primary growth

direction for the nickel-base superalloys is the <001> direction; <001> is not only the

most easily grown, but is also the direction with the most desirable combined strength

properties. This is advantageous because many parts are cast, or grown, rather than

manufactured from a larger single crystal sample with a specific orientation. Currently

we are most interested in one particular alloy, which will be referred to here as "Material

A," because of its use in advanced aircraft engines. (Note: Currently we are unable to

disclose the specific alloy due to security restrictions.) These superalloys play an

important role in commercial and military propulsion systems as well.

Single crystals are manufactured by selecting grains with a desired orientation

and then "growing" the part in one of two ways. The first method uses a helical mold,

commonly called a "pigtail," placed between a chill plate and the part casting. As a grain



movesthroughthemold,thehelixenablesselectionofgrainswitha<001> orientation,

whichthengrowthroughthecoilsandupthroughthemolditself. Althoughsome

Figure1-1Helicalmoldcastturbineblade.
Source:Deluca,2001.

undesirablegrainsmayinitiallyformatthestarterplate,afterbuildingupthroughthe

coilsonlythe<001>grainorientationremains(Figure1-1).Thecoilsarelaterremoved

to leavethedesiredpartgeometry.Thehelicalmoldisfrequentlyusedto manufacture

turbineblades,butit canonlybeusedtocastpartswithaprimaryorientationalongone

of the<100>directionsduetothehelixrestrictionscombinedwiththematerial's

orthogonalgraingrowth(Davis,1997).Thesecondmethodusesagrainstarter,orseed,

andisconsequentlytermed"seeding."Likethehelicalmold,thismethodcanalsobe

usedtogrow<100>primaryorientations,butit canalsoproduce<011>and<111>

crystalsaswell. In fact,aproperlychosenseedgraincanproduceanydesiredprimary



and secondary orientation combination. The seed is placed on a chill plate at the base of

a casting filled with the molten material. The temperature is tightly controlled to prevent

the seed from melting, and the alloy in the mold conforms to the seed alignment as the

material cools.

Currently, the primary direction (i.e. growth direction) can be controlled

relatively well, but still has an allowable deviation of 15 ° in any direction. Although it is

possible to reduce this deviation by simply discarding those parts with larger variations,

the cost in wasted materials would be too great and would result in a significant

percentage of scrapped parts. Nonetheless, the material properties vary greatly as the

primary direction deviates from the <001> orientation, and it is important to quantify the

effect of other
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Figure 1-2 Primary and secondary turbine blade crystallographic orientations.
Source: Moroso, 1999.



orientations on material properties. The secondary orientation can also be controlled

during casting (Figure 1-2), however most manufacturers choose to ignore this control to

achieve greater productivity. The material can, however, be examined after casting to

determine secondary orientation, and if a particular secondary orientation has beneficial

material properties for the specific application the part can then be further manufactured

by cutting from the cast piece. When it becomes possible to more tightly control the

manufacturing process, both the primary and secondary orientations with the best

material properties can be combined and applied. Although <001> is well known to be

the strongest orientation in terms of yield strength (Davis, 1997), the underlying

dislocation and slip deformation mechanisms, with respect to the primary orientation, are

still under study.

Slip Deformation

Nickel-base superalloys have a basic face centered cubic (FCC) structure in the matrix

phase. These superalloys undergo the usual method of plastic deformation by slip, where

separate parts of the crystal structure slide over one another along definite

crystallographic, or slip, planes in specific directions (Dieter, 1986). When a load is

applied to an FCC single crystal specimen, the first slip systems to be activated are those

termed the "easy glide" systems (Table 1-1), or the primary octahedral slip systems.

Typically, these are the planes with the greatest atomic densities. As deformation and

slip activity continue, the material begins to exhibit physical evidence of this slip at the

surface (Figure 1-3). Slip occurs so that the energy of the high shear stress within these

12 primary slip systems (knows as the "resolved shear stress" or RSS) is alleviated; the



Table 1-1 Slip systems in an FCC crystal.

Slip Number Slip Plane Slip Direction

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

Octahedral Slip a/2{111}<110>

(111)

(111)

(111)

(-11-1)

(-11-1)

(-11-1)

(1-1-1)

(1-1-1)

(1-1-I)

(-1-11)

(-1-11)

(-1-11)

[10-1]

[0-11]

[1-10]

[lO-1]
[110]

[011]

[110]

[0-11]

[101]

[011]

[101]

[1-10]

Octahedral Slip a/2{111}<112>

(111)

(111)

(111)

(-11-1)

(-11-1)

(-11-1)

(1-1-1)

(1-1-1)

(1-1-1)

(-1-11)

(-1-11)

(-1-11)

[-12-1]

[2-1-1]

[-1-12]

[121]

[1-1-2]

[-2-11]

[-11-2]

[211]

[-1-21]

[-21-1]

[1-2-1]

[112]

Cubic

(100)

(100)

(010)

(010)

(001)

(001)

Slip a/2{100}<110>

[011]

[01-1]

[1011

[10-1]

[110]

[-110]

Source: Stouffer and Dame, 1996.
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Figure 1-3 Slip lines on the surface of a [100] loaded tensile specimen.
Source: Forero and Ebrahimi, 2002.

slip, or dislocation motion, results in a more energetically stable system. Therefore,

materials typically fail along one of the primary { 111 } octahedral planes (Figure 1-4).

As the applied stress continues to rise, or with changes such as loading type/direction,

time or temperature, the activation of 12 secondary slip systems may occur. At low

Figure 1-4 Turbine blade failure on a { 111 } octahedral plane. This particular turbine blade

failed because the attached machine's frequency was equivalent to the turbine blade's natural
frequency (upper right comer).

Source: Deluca, 2001.



modulus orientations, or at extreme temperature/load conditions, the initiation of six

cubic slip systems may also occur (Table 1-1). These secondary and cubic systems are

not typically activated initially, because slip along the primary systems; requires less

energy to alleviate the high RSS. In addition to load and temperature conditions, the shift

in slip from the primary to secondary or cubic slip systems is based on specific

microstructural behaviors, such as the pinning or locking of dislocations, and will be

discussed later only at a cursory level.

Slip will occur when the RSS exceeds the yield strength of the material.

However, nickel-base superalloys have been shown to exhibit different yield strengths in

tension versus compression, a behavior known as tension/compression asymmetry. The

<001> orientation exhibits its highest yield strength in tension, while its compressive

yield strength is lower. Conversely, a sample loaded in the <110> direction is stronger in

compression rather than tension, while the <11 l>-Ioaded material has virtually no

tension/compression asymmetry. Extended dislocations are dislocations whose parts

separate to reach a lower energy state; these dislocations, as on octahedral slip planes in

superalloys, must recombine into a single dislocation before cross-slip can occur. Cross-

slip is the process where a dislocation moves from one plane to another, again to reduce

the energy of the system, As Lall, et al. (1979) proposed, an applied load will either aid

or hinder recombination of the dislocation parts. Since the material orientation affects

the magnitude of the resolved shear stresses, it will also affect this process of

recombination. For example, if a compressive load is applied and two partial

dislocations are at an interface where cross-slip can occur, the applied load can overcome

the force separating the two partials, and combine them to form a single dislocation. The



unifieddislocationcanthenmovebycross-slip.If, however,atensileloadisappliedto

thesameextendeddislocation,theloadwill aidtheforceseparatingthepartialsandmake

cross,slipmoredifficult.

Asymmetricalloadbehaviorbecomesextremelyimportantwhendesigningapart

thatmustacceptbothtensileandcompressiveloads,forexamplepartsundercyclical

loading.However,theprioritygivento compressivestressanalysisisadistantsecond

behindtensilestressanalysiswithrespecttofractureresearch,becausecompressive

stressesaregenerallybeneficial.Ratherthancausingcracksto initiateorpropagate,

compressivestressesusuallyeitherhavenoeffectormayevenarrestcracksthat

developedundertensilestresses.Thereforeourfocusontensiletestingispracticaland

relevant.

Nickel-basesuperailoysexhibitanotherabnormalyieldcharacteristiccalled

"anomalousyieldbehavior."Normalyieldbehaviorshowsdecreasingyieldstrength

withincreasingtemperature.Asthetemperaturerises,diffusionenablescross-slipto

occurmoreeasilyandthedislocationsencounterfewerenergy-basedrestrictions;the

overallforcerequiredtoproducedeformationisreduced.Thenickel-basesuperalloy

matrixandprecipitateshowtheoppositetrend:astemperatureincreasestheiryield

strengthincreases,uptoacriticaltemperature.Thisbehaviorisaresultof dislocation

mechanismsand,liketension/compressionasymmetry,isalsoaffectedbyorientation.

Asthetemperatureincreasesandenablescross-sliptocubicplanes,thedislocations

dissociateto lowertheirenergyandmayform"locks,"(Kear-Wilsdorflocks,among

others(Zhu,etal.,1998)).Theterm"lock" isusedbecausethedislocationseparatesin

suchaway,ontwoseparateplanes,thatnofurthermotioncantakeplace.Other



dislocations then begin to build up at these locks, which act as barriers to further slip and

raise the yield stress by impeding motion. Anomalous yield behavior is an important

consideration for fracture and fatigue analysis, particularly at high temperatures, in order

to understand mechanisms that increase strength and their limitations. For this behavior

to occur, the RSS on the cubic planes will, presumably, be higher than the octahedral

planes; if the cubic planes are taking more of the stress, and are able to contain it with the

locks, slip will only be achieved when a sufficient stress is resolved onto the octahedral

planes. If, however, the stress on the octahedral planes is higher it should result in the

traditional yield behavior and "easy glide" slip regardless of the dislocations on the cubic

planes.

Our focus will be on the variation of the 12 primary resolved shear stresses in a

notched specimen, and to determine the activity of the specific slip systems with respect

to radial and angular distances from the notch tip for specific orientations (Figure 1-5).

9O

p = notch radius

Figure 1-5 Radial arcs for numerical stress field calculations.



The slip systems will be examined both near the notch tip and at far-field to observe

changes associated with the high stress gradients prevalent in close proximity to the

notch tip. The variation of the RSS with respect to theta will show which systems are

most active at various locations around the notch. What we expect to see, along a line of

constant radius, is shifting maximum RSS values and slip systems, indicating a shift in

Figure 1-6 Slip sectors occurring under plastic deformation.
Source: Crone and Shield, 2001.

the state of stress. These different slip systems can be clearly seen as "sectors"

surrounding the notch tip in actual material tensile testing (Figure 1-6). The goal of this

paper is to predict slip system activity, indicated by the maximum RSS, as a function of

the radial and angular distances from the notch tip and the resulting slip sectors.

Slip deformation is generally considered a stress-controlled process; the critical

resolved shear stress (CRSS), or the stress at which the material is predicted to slip on

any particular slip plane, is the controlling value. The CRSS is the shear stress that



equals the material's yield strength, and is a function of the applied load and direction,

specimen geometry, and crystal structure. Therefore the RSS is a function of geometry,

and the CRSS is a function of geometry and yield stress; neither are directly related to the

material's anisotropy.

Material Characteristics

The microstructure of nickel-base superalloys consists of a T-matrix and a fine

dispersion of hard, T'-precipitates. The matrix, mainly nickel, is heavily alloyed with

other elements that vary with the given alloy, including cobalt, chromium, tungsten and

tantalum; the precipitate is the intermetallic compound Ni3Al. These superalloys have

evolved in three "generations," thus far. The most advanced, or third-generation,

superalloys include Rend N4, CMSX-4, and others, and have a high volume fraction of

3", around 60% (Figure 1-7). (Note: The prefixes denote the company that manufactures

.

Figure 1-7 Microstructure of Material A. The T' precipitate (approximately 0.5_tm in length)
forms in the T matrix and comprises nearly 60% of the material.

Source: Deluca and Annis, 1995.



the material; e.g. CMSX = Cannon-Muskegon, where SX represents single crystal. The

numbers are somewhat arbitrary depending on the particular manufacturer.) Although

the majority of deformation occurs in the softer matrix (Svoboda and Luke,, 1998), the

precipitate has a pronounced effect on the superalloy's overall performance, especially at

such high volume fractions.

Temperature Effects

One of the primary reasons for the popularity of Material A and other nickel-base

superalloys is their high temperature capabilities. As noted previously, dislocation

mechanisms can change with temperature, and a significant amount of research has been

conducted on their behavior. Most notched tensile tests conducted to study slip sectors

have been performed at standard room temperature; room temperature is in the low

temperature regime, well below the transition temperature for superalloys. As Stouffer

and Dame (1996) report, octahedral plane slip deformation usually dominates, and

theoretically exclusively controls, low temperature deformation. As the temperature rises

the secondary planes may be activated, and beyond T > 600°C thermally activated cube

slip begins and acts along with octahedral slip. As the temperature further increases

beyond approximately 850°C, climb and cross-slip dominate deformation and the

material's strength dependence on orientation is greatly reduced. Miner, et al. (1986)

also found that near <111> only cubic deformation was evident, while near <110> and

<100> only octahedral slip was present. Our study will focus on <110> and <100>

orientations, supporting our focus on octahedral slip.



Test Methods

Several analytical and numerical solutions have been developed for the elastic

response of isotropic notch specimens in tension, particularly in the field of linear elastic

fracture mechanics. However, the isotropic analytical models have been very difficult to

develop into three-dimensional anisotropic models; the current solutions rely on many

simplifications that give inaccurate results when compared to experimental data.

However, the capabilities of three-dimensional finite element analysis (FEA) can account

for the current limitations in the elastic models and enable a solution that should correlate

well to actual experimental results. Both the numerical and experimental specimens may

include notches, which act as very simplified cracks to model fracture behavior. The

effect of anisotropy is of great interest because many materials, although designed for

primary strength in one direction, must withstand multi-axial loading.

Analytical Approach

Analytical solutions have the ideal trait of providing an exact solution to a

problem. However, very complex problems often do not have exact analytical solutions;

many approaches represent a combination of theoretical and empirical solutions, or close

approximations. For the notched tensile specimen, an analytical mechanics solution is

not available (much less one that can account for material variations) that correctly

predicts slip sectors or slip activity about the notch tip. The current analytical solutions

incorporate many assumptions, including plane strain, which will be discussed in depth in

Chapter 2.



Numerical Approach

Finite element analysis is able to account for gross isotropic material properties,

such as modulus of elasticity and Poisson's ratio, as well as their directional counterparts

in anisotropic materials. However, FEA typically does not account for the

microstructural properties that dictate yield strength, such as dislocation mechanisms, nor

can it predict other microstructural behavior. Small-scale atomistic simulations are

capable of predicting dislocation generation, interaction, etc., however it would be much

too costly to analyze even a very small specimen with actual dimensions on the atomic

level. Limiting the size for a reasonable atomistic simulation would distort the model to

the degree that the validity of the results would be highly questionable. Therefore, FEA

is the only feasible type of computer simulation currently available to model notched

single crystal specimens. Because it neglects microstructurai behavior, FEA can also

determine what influence the specimen's geometry and anisotropy have alone on material

property behavior, without the additional consideration of atomic interactions.

Experimental Approach

Tensile testing has long been used to measure material properties such as stress-

strain behavior, yield strength, etc. and is common in many materials testing laboratories.

A widely used experimental test sample is the notched specimen, loaded to observe the

effect on the material's overall displacement, stress and strain fields, and of particular

interest here, slip line deformation. The notch introduces a triaxial state of stress in the

proximity of the notch, thus providing an environment to study slip system formation in

three-dimensional stress fields. Future tensile tests will be carried out for the single

crystal superalloy Material A to observe the effect of the load orientation on the active



slipregions,or"sectors,"aboutthenotchtocomparewithFEAresults.Usingaconstant

loadseveraltestsspecimenswithdifferentcrystallographicorientationswill betestedto

failureto observetheactiveslipplanes.Althoughthisisclearlyadifferentprocedure

thanthepurelyelasticresponsemeasuredbyFEA,themagnitudeof theappliedelastic

stressisanindicationof whichplaneswill firstallowplasticdeformation.If themost

highly-stressedplanesintheelasticanalysisdonotcorrelatetothesliplinesobserved

fromthetensilespecimens,it will supporttheinfluenceof otherdislocationmechanisms

onfracture.



CHAPTER 2

LITERATURE REVIEW

An analysis of the stress-field at a single crystal notch involves two main

components: incorporating the correct component and RSS calculations, and then

defining the resulting slip zones around the notch. For a solid (i.e. no notch) specimen,

the stresses can be precisely calculated using an analytical approach. Obviously there are

not sectors defined for this solid material. However, the more complex, and relatively

unexplored, study of the stresses and sectors around a notch tip is of recent origin; despite

the analytical and experimental investigations by researchers (Rice, 1987; Shield, 1996;

Schulson and Xu, 1997; Crone and Shield, 2001) an accurate single crystal model is far

from complete.

Slip Activation and Deformation

Slip in single crystals should theoretically occur on octahedral planes (Chapter 1). In an

isotropic material the twelve primary slip systems (or fewer depending on orientation),

should be activated simultaneously based on equal Schmid factors (Figure 2-1). The

Schmid factor, m, is a function of the load orientation, the slip plane orientation and the

slip direction:

m= cos K.cos _ (2-q)

'rrs s - m._ (2-2)



Where _ is the applied load, "r,-ssis the RSS component in a given slip plane and direction,

)v is the angle between the direction of the applied load and the shear direction, and q_ is

the angle between the applied load and the normal to the slip plane (Figure 2-2).
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Figure 2-1 Primary resolved shear stress planes and directions.
Source: Modified from Stouffer and Dame, 1996.
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Figure 2-2 Load and slip directions and angles.

Figure 2-3 Persistent slip bands in an FCC specimen. Slip lines, formed by octahedral slip
system activity, are clearly visible as the specimen undergoes plastic deformation.

Source: Deluca and Annis, 1995.

Following Dieter (1986) the cosine of the angle between two directions [hi kl 11] and

[h2 k2 12] can be found using the direction indices:



cosO"
hl.h2+kl.k2+I1-12

_/hl2+ kl2+ 112-Jh22+k22+ 122
(2-3)

Since the CRSS is reached when the RSS is equal to the yield stress of the material, the

slip systems with the highest Schmid factors will reach the CRSS first: This is the so-

called "Schmid Law" (Figure 2-3). However, compliance to Schmid Law has been

proven only with isotropic materials, and its correlation to single crystals is not yet

known. Therefore, another method must be used to predict RSS values and slip

activation for these anisotropic materials.

Anisotropy of Elasticity

Elasticity

Elasticity is defined by specific elastic constants that relate to atomic strength and

spacing (Dieter, 1986). Elasticity, therefore, varies with orientation. In any given

direction the spacing between atoms in an FCC unit cube is different. For example, in

Figure 2-4 the distance from A to B is ao/2, while the distance from A to C is ao_/2/2.

Figure 2-4 FCC crystal structure.



Anotherwayof expressingtherelativespacingbetweenatomsisbytheatomicdensity,

ornumberof atomsperunitarea(Table2-1).Thetermao referstotheunitatomic

spacing,thereforeao2istheareaof the{100}planes,etc.Thegreatestatomicdensity

correlatestotheleastdistancebetweenatoms,andthemostlikelyplanesforslip. Planes

suchasthe{111} planesarecalled"close-packedplanes,"becausetheyminimizethe

spacingbetweenatoms;theyarethemostcommonslipplanesbecausetheatomsdonot

Table2-1AtomicdensityonFCCcrystalplanes.

FCC Plane Atom/Area Atom/Area

{ 100 } 2/ao 2 2

{110} 2/ x/}. ao2 1.414

{ 111 } 4/ ,J-3.ao2 2.309

Source: Dieter, 1986.

have to travel great distances to reach another atomic position. Close-packed directions,

like close-packed planes, minimize the distance between atoms. Therefore slip often

occurs along close-packed directions in close-packed planes to minimize the amount of

energy needed for displacement.

Elasticity Matrix

The energy needed to move in any direction is related to the elastic constants, and

any material can be completely defined with 36 separate elastic constants. However,

most material structures obey some type of symmetry, which reduces the number of

independent constants. As indicated in Table 2-2 isotropic materials have only two



Table 2-2 Symmetry in various cp,stal structures.
Crystal Rotational No. Independel

Structure

Tetragonal
Hexagonal

Cubic

Isotropic

Symmetry

1 fourfold rotation
1 sixfold rotation

4 threefold rotations

Elastic Constants

Source: Dieter, 1986.

independent elastic constants. Two of the three: E, modulus of elasticity; G, shear

modulus or _, Poisson's ratio will completely define the material properties in any

direction. Cubic structures are highly symmetrical and require only one additional elastic

constant, which reduces the overall elasticity matrix considerably.

The process of reducing the original 36 constants down to three independent

cubic constants begins with the original full elasticity matrix, [aij]:

all a12 a13 a14 a15 a16

a21 a22 a23 a24 a25 a26

a31 a32 a33 a34 a35 a36
[aij] = (2-4)

a41 a42 a43 a44 a45 a46

a51 a52 a53 a54 a55 a56

a61 a62 a63 a64 a65 a66

The subscripts correlate to the stress and strain components; the strain then is:

Ei= aij._j (2-5)

CHAPTER 3Assuming elastic potential exists (i.e. isothermal deformation) the following

relationship is achieved in equilibrium:

aij = aji (2-6)

Therefore the most general matrix is reduced to 21 components:



all a12 a13 a14 a15 a16

a12 a22 a23 a24 a25 a26

a13 a23 a33 a34 a35 a36
[aij ] = (2-7)

a14 a24 a34 a44 a45 a46

a15 a25 a35 a45 a55 a56

a16 a26 a36 a46 a55 a66

CHAPTER 4Nickel-base superalloys are orthotropic, meaning they have three orthogonal

planes of elastic symmetry. Including the effects of cubic elastic symmetry, also called

"cubic syngony" (Lekhnitskii, 1963) reduces the number of independent constants to

three for the final elasticity matrix:

all a12 a12 0 0 0

a12 all a12 0 0 0

a12 a12 all 0 0 0
[au] = (2-8)

0 0 0 a44 0 0

0 0 0 0 a44 0

0 0 0 0 0 a44

The constants are defined by the modulus of elasticity, the shear modulus, and Poisson's

ratio along given directions:

1
al I = -- (2-9)

V-,xx

1
a44 = _ (2-10)

C,yz

Vyx Vxy (2-11)
a12 = __ _ -

Exx Eyy

For Material A the reported elasticity constant values are (Swanson and Arakere, 2000):



all = 6.494E- 8 a44 = 6.369E- 8 a12 = -2.603E- 8 (psi)

Using these elastic constants and the direction cosines for a given orientation, it is

possible to calculate the modulus of elasticity of the material in any direction (Dieter,

1986):

1 all-2- (all-al2)- 1 2 2 2 2 (2-12)= 2a44 " °c3 [332 + 1332y3 + °_3 Y3
Euvw

Where 113,]3 3 and _'3are the direction cosines from the load direction to the x, y and z-

axes, respectively (often called l, m and n). Some materials, such as tungsten, are

essentially isotropic, even in single-crystal form, because their elasticity is nearly

constant in any direction. Others, like nickel-base superalloys, vary considerably.

Notch Tip Deformation

The behavior of an ideal material, one that has an infinite body free from any

irregularities or stress concentrations, is very different from the typical superalloy

applications. A turbine blade, for example, has a complex geometry, is exposed to

mulitaxial, centrifugal, and contact stresses; and must withstand extreme temperature

gradients, among other complex conditions. In an attempt to study the state of stress for

more complex specimens, notched tensile specimens are often used to represent either

areas of stress concentration or theoretical fracture conditions.

Rice (1987)

Rice provided the foundation for much recent and current work in the area of crack/notch

tip stress and strain analysis by examining the mechanics of both FCC and BCC (body-

centered cubic) notched specimens loaded in tension. Rice introduced the use of a plane



strainassumption,whichhecombinedwiththeCRSScriteriatopredictspecificzones,or

"sectors."Theseangularregionsradiatingfromthenotchtip characterizedifferent

regionswherespecificdeformationmechanismsareatwork.Hebeganwithtwo

commonlystudiedorientations(laterfurtherstudiedbyCroneandShield,Figure2-11)

andderivedananalyticalsolutiontopredicttheactiveslipsystemsaroundanotch,as

Notch Plane

Notch GrowthDirection

Notch Tip Direction

Figure 2-5 Notch direction terminology.

well as the specific angles defining the boundaries between sectors. Rice, and others who

follow his work, typically refer to tensile test specimen orientations in terms of notch

plane, notch growth direction, and notch tip direction (Figure 2-5). His terms will be

maintained throughout this discussion to prevent confusion.

Based on the plane strain assumption, the yield criteria can be presented in terms

of a "yield area," which outlines the boundaries where the state of stress will correspond

to the yield stress of the material (Figure 2-6). The slip activity is limited to certain

allowable slip systems, which combine to produce large in plane strains in accordance

with the plane strain assumption (i.e. _zz= ]tyz= 7zx = 0). The plastic field Rice constructs
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Figure 2-6 Yield surface based on plane strain component stresses.
Source: Rice, 1987.

at the crack tip also correlates to a plane strain state of stress in an isotropic material. By

essentially eliminating the effect of single crystal anisotropy, this solution likely would

not correlate well to experimental data. Another effect of the simplified elasticity of

Rice's solution is the inability to solve for a detailed strain field based on the state of

stress near the tip. Assuming the out of plane stress and strain is equal to zero near the

notch tip, the effect of the notch on creating a triaxial state of stress is essentially

nullified.

Rice's solution represents a continuous solution in terms of the radius and angular

displacement from the tip, where the state of stress is constant within each sector. The

solution is symmetric about the growth axis for each case based on crystal lattice

structure, so only the positive half-plane will be discussed. Rice notes the only way all

the notch surface boundary conditions can be met for all angles is if 1) the stresses in

some sectors are below yield, or 2) there are discontinuities at certain angles. Rice

assumes a perfectly plastic stress field, so all sectors must be at yield or past, and the first

condition cannot be changed. (Note: this assumption is contrary to varying elastic and



plasticsectorscommonlyobservedduringfracturetesting.)Thereforetheboundariesare

definedastheradiallineswhereadiscontinuityoccursatspecificangleswheretheslip

shiftsfromonesystemto another.(Note:Ricealsosolvesforthesecondcondition,

maintainingcontinuityinorderto laterapplyhissolutiontoaseparatecrackgrowth

model.Forthiscase,someangularsectorsmaybeelasticwhileothersareplastic,

correspondingto thoselocationswherethesolutionintersectstheaforementionedyield

surface.)

Rice'ssolutionmakesnodistinctionbetweenthetwoorientations'sector

boundaries,orbetweenFCCorBCCcrystalstructure.Bothcrystalorientationsand

structurespredictboundariesat55°, 90°, and125°. Theslipsystemsdochangebetween

orientationsandcorrespondsto aswitchbetweentheslipsystemshearandnormal

directions;thusorientationpredictsnoeffectontheyieldsurfaceorsectorboundaries.

Ricenotestheweaknessofthisattribute,basedoncontradictoryexperimentalstudies,

whichis tiedtotheactualrotationofthecrystallatticehehasignored.Healso

acknowledgesthesimplificationof theplanestrainassumption,whichwasintendedonly

asastartingpoint.Finally,Riceneglectsstrainhardening,butencouragesincorporating

allsimplificationsintofuturemodels.

Shield, Cu (1996)

Shield conducted several tests of notched single crystal copper specimens to

correlate Rice's analytical models with his experimental observations. Based on

symmetry and the previous work done by Rice, Shield chose to test two identical

specimens with a notch in the [011] plane and a [100] notch direction (Figure 2-7,

matching with the later "Orientation II" in work by Crone and Shield, 2001); the sectors



and boundaries are symmetrical about the [100] axis, therefore only the upper half-plane

(+0) will be discussed. Following Rice, four sectors were predicted with boundaries at 0 °,

55 °, 90 °, 125 °, and 180 °. Recall, Rice chose these angles based on his plane strain

assumption: the active slip planes must actually represent a combination of slip systems

that result in plane strain deformation for his assumption to be valid. Furthermore, the

[011]

--[100]

Figure 2-7 Specimen orientation for Shield's Cu test specimen.

sector boundaries can only occur at angles that correspond to the active slip system

directions or their normals within the adjacent sectors. For example, if the active slip

directions in a given sector are at 55 ° and 125 ° to the [100] axis, then that sector's

boundary angles must be from the set: 55 °, 125 ° (both slip), -35 °, 145 °, 35 ° or 215 ° (all

normals). One conclusion that must follow from Rice's assumptions is that 0 ° and 180 °

cannot be actual boundaries unless the slip or normal matches those angles, which it does

not (Figure 2-8). Therefore, the first and fourth sectors really span from -55 ° to 55 ° and

125 ° to -125 ° , respectively, which gives six sectors total in both half-planes versus eight.
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Figure 2-8 Slip systems predicted by Rice.
Source: Crone and Shield, 2001.

The experiments done by Shield, and Crone and Shield, use four-point bending to

deform the single crystal specimens plastically near the notch tip (Figure 2-9). Moir6

interferometry analysis is then used to determine the strain fields and sectors. Shield's

prediction of slip sectors, like Rice, is then based on plastic strain fields, rather than

yield-inducing shear stresses. Shield assumes the elastic strain is negligible and the total

strain is therefore equivalent to the plastic plane strain (i.e. a perfectly plastic state). The

interferometry analysis technique uses a grid-like diffraction grating applied to the

surface of the specimen. A laser works in combination with several mirrors to resolve

the strains into u-field and v-field component fringe patterns (Figure 2-10), which are

used to calculate the actual strain values. Moir6 interferometry is a well-established



techniqueandhasbeenverifiedinseveralsimilarapplications(Mollenhauer,etal.,

1995).

T V
! .... I

Figure 2-9 Four-point bending setup used by Crone and Shield.
Source: Crone and Shield, 2001.

\



Figure 2-10 Moir6 interferometry strain field. Shield determined the sector boundaries based on
the obvious visible patters; line emphasis mine.

Source: Shield, 2002.

Shield experimentally tested two separate specimens and measured the boundary

angles, based on strain fields (Table 2-4). Applying several load levels, beginning at the

yield point, he observed whether the load had any effect on the sector boundary angles.

Table 2-4 Experimental sector boundary angles.
Sector

Boundary

1-2

2-3
3-4

Angle

e (deg)
43

62
100

No significant sector changes were observed as the load increased, indicating that the

sectors are independent of the load level. However, as the load increased the amount of

plasticity near the notch tip increased as well, allowing for some stress relaxation as the

material responds. The high plasticity near the notch tip also has an impact on the

method of measuring the sector angles. To avoid the large deformations near the tip,

which do not represent the desired strain fields from which the sectors are determined,

the origin for angular measurements are offset by 50lxm and the strains are presented

along a 400_tm arc. Note: with the notch's mean width of 1001am these measurements are

taken at 8*9, where 9 is the notch radius. This is a significant distance from the notch

tip, regardless of elastic versus plastic conditions, and seems disproportionate to get an

accurate account of the behavior due to the notch.

Shield's results from the low load levels show similarities to Rice's model,

however Shield's experimental results do not correlate to Rice's model at high plastic



strains(Figure2-8andTable2-4).Aswouldbeexpectedinaplasticmodel,thesestrains

arenotproportional(i.e.theydonothavealinearresponse).Infact,tlheydonoteven

maintainthesameorderin theirrelativelevelof activity:Sector2 initiallyshowsthe

mostactivity,whileathigherstrainsSector3becomesmoredominant.Thischanging

slipactivity(withloadlevel)seemsinconsistentwiththeconstantsectorboundaries.

Constantanglesindicatetheboundariesareindependentoftheactiveslipwithinthe

sector;perhapstheboundariesappearconstantdueto relaxationinthematerialbetween

theloadsteps.Betweenthetwosamplestheboundaryanglesweresimilarbutnot

constant,highlightingthevariancethatcanresultfromthematerialstructurealoneand

anyflawsthatmaybepresent,despiteaconstantspecimenorientationandtest

conditions.Theprecisenotchgeometryalsoafactoris,whichisextremelydifficultto

duplicateaccurately.

Plasticdeformationatlargestrainsiseasilyobservedthroughsliplines;Shield

usedthisvisibleslipevidenceto comparethestrainsectorsdeterminedbyMoir6

interferometry.Theresultingsectorboundaryanglesmatchedwellwiththestrainfield

images.Sincetheactivatedslipsystemsareafunctionof theRSS,andbecausethey

correlatewelltointerferometryresults,thesectorsdeterminedbystrainfieldanalysis

appeartobeanalogoustothosedeterminedbyastress-fieldanalysis.Shield's

experimentalresults,andtheirdissimilarityto Rice'sanalysis,againhighlighttheneed

for amoreaccuratepredictivemodel.

Crone and Shield, Cu and Cu-Be (2001)

Extending the work of Shield (1996), Crone and Shield continued experimental

studies of notch tip deformation in two different orientations of single crystal copper and



copper-berylliumtensilespecimens(Figure2-1l). (OrientationII will bepresentedfirst

duetothewidespreaduseofthisorientationinotherstudies).AgainusingMoir6

interferometrystrainfieldsandvisibleslipevidenceto determinesectors,sector

boundariesaredefinedastheobviousvisiblechangesfromoneareatoanother.The

visibleslippatternsdetermineslipactivity,butastheauthorsnote,alackofvisibleslip

doesnotruleoutanyactivity.Slipsystemsmaybeactivatedinternally,ratherthanatthe

surface,ormayshowvaryingpatternsonthesurfaceasdeformationcontinues.

[olo] [lOl]
I I

--[101] --[olo]

Orientation I Orientation II

Figure 2-11 Orientations experimentally tested by Crone and Shield.

Crone and Shield compared their experimental results with Rice's analytical

solution, as well as numerical FEA solutions by Mohan, et al. (1992) and Cuitino and

Ortiz (1996) (Table 2-5). Both numerical models run on the plane strain assumption,

although Cuitino and Ortiz later conclude the problem cannot truly be plane strain

Table 2-5: Orientation II sector boundary angle comparisons.

Sector boundary Experimental Analytical Numerical
*Boundary angles Crone and Shield Rice Mohan, et al. Cuitino and Ortiz

in degrees (2001) (1987) (1992) (1996)
1-2 50-54 54.7 40 45



2-3
3-4
4-5
5-6

65-68
83-89

105-110
150

9O
125.3

7O
112
130

60
100
135

Source: Modified from Crone and Shield, 2001
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Figure 2-12 Experimental slip sectors from Crone and Shield.
Source: Modified from Crone and Shield, 2001.

due to large strain differences internally and at the surface. Even with the same plane

strain assumption as Rice, the numerical and analytical models do not match; all three

differ from the experimental results (Figure 2-12 and Figure 2-13). Like Shield's earlier

results, the experimental results are somewhat ambiguous due to the "annulus of

validity," where Crone and Shield take their measurements (Figure 2-12). This annulus,

following Shield and Kim (1994) corresponds to the radial area from 350-750_tm from

the notch tip. The notch width is between 100-200_tm, making the notch radius between



50-100_m.Thereforetheannulus,andtheregionwherethesectorsaremeasured,is

anywherefrom3.5-7.0and7.5-15.0timesthenotchradiusfromthetip. Thesedistances

wouldplacethesectorswelloutof therangeof anyelasticdeformationandclearlycan

onlybeusedwhereextremeplasticdeformationexists.However,CroneandShield

preservethisannulustoavoidmaterialtoocloseto thenotchtip, whichisdominatedby

geometry,andalargerannuluswhichwouldbegintoimposeontheseparticular

specimens'boundaries.

CroneandShielddescribetheobservedslipactivityasit beginsinasinglesector;

asdeformationproceeds,moresliplinesbecomevisibleinthesamesectoratfurther.
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Figure 2-13 Full field slip sectors and slip line traces from Crone and Shield. Note: these sectors

differ from Rice (1987) and Shield (1996).
Source: Crone and Shield, 2001.

radial distances from the notch. This result is intuitive because a larger load will allow

higher stresses even as distances from the notch tip increase. The number of slip lines

then grows until the sector is "filled". Although it is unclear what exactly is meant by

"filled", it is clear that, either the initially visible slip system, or another with the same



visibletrace,remainsactivethroughouttheexperiment.CroneandShieldclearly

observehorizontalsliptracesdirectlyaheadofthenotch(Sector1)forOrientationlI,

howevertheydiscounttheirobservationsandinsteadlabeltheslipas"elastic"inorderto

comparetheirsolutiontootherperfectlyplasticsharpcracksolutions(Figure2-13).

Citing Saeedvafa and Rice (1989) they further explain these traces as a function of

hardening and not plastic deformation, but they do not make such accounts for the other

sectors. The only other sector determined to be elastic is Sector 5, and this is due to its

lack of any visible slip activity as well as low strain measurements. Consequently, their

determination of an elastic zone directly ahead of the tip is not consistent with their

visible experimental results. As predicted, the experimental sectors are symmetric about

the [101] axis. Only Sectors 3/-3 and 4/-4 show variation between +0 and -0 (Figure

2-13); the apparent asymmetry in these sectors is likely caused by specific notch

geometry/irregularities, material defects, etc., or by a slightly inaccurate notch plane

direction.

Orientation I represents Orientation II rotated by 90 ° about the notch tip direction,

such that the notch plane and the notch tip/crack growth directions are switched.

Contrary to the equivalent sectors predicted by Rice, Crone and Shield's observed sectors

show a marked difference with orientation, varying in both specific boundary angles and

in the number of sectors (Table 2-6). Along with Rice's prediction, none of the

numerical solutions correspond to Orientation II, which they were designed for, or for

Orientation I. The numerical finite element models, however, agree more closely than



Table2-6 Sector boundary angles for Crone and Shield.
Orientation Orientation

Sector boundary
*Boundary angles

in degrees
1-2
2-3

3-4
4-5
5-6

I II

(101 ) Plane (01 O) Plane

35-40
54-59

111-116
138

5O-54
65-68

83-89
105-110

150

Source: Crone and Shield, 2001

the others. Despite the disagreement of the experimental work to analytical and

numerical solutions, Crone and Shield again support a plane strain assumption based on

the numerical results from Cuitino and Ortiz (1996). The FEA results on a central plane

of the model appeared to correspond more closely to the experimental results. Crone and

Shield assert this agreement to the central plane FEA results suggests that plane strain is

accurate for specific locations. However, obtaining results only from a central plane does

not represent the true specimen being modeled. In fact, if there is a preference it should

be for the model to be more accurate at the surface; where slip is thought to originate and

actually observed, allowing a better comparison.

Schulson and Xu, Ni3Al (1997)

A recent study by Schulson and Xu (1997) examined the state of stress at a notch

tip for single crystal Ni3AI, the 7'-component of Material A. Using three-point bending,

two crystals were deformed at first elastically, then plastically until a crack formed, and

finally through a small degree of crack propagation. Both samples were oriented with the

growth direction [010], the notch plane direction [-10-1] and the notch tip direction



[-lo-1]
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Figure 2-14 Schulson and Xu specimen orientation.

[-101] (Figure 2-14). To solve an analytical model to compare their experimental results

to, they assumed elastic isotropic material conditions and calculated the stress field

around the notch based on the equations for a sharp notch (Anderson, 1995). Although

these equations may have been accurate for previous experiments they conducted with

polycrystalline Ni3A! (Xu and Schulson, 1996), the isotropic assumption is not valid for

their single crystal specimens. Schulson and Xu carry out two sets of stress calculations,

one based on plane stress conditions and another with plane strain. The plane stress

assumption can be used for large, thin plates with in-plane loading, where only Cyx,_y,

and "_xyare present (Bickford, 1998); the thickness must be small compared to the height

and width of the specimen. However, as Schulson and Xu note in their paper, the notch

causes a triaxial state of stress, where out of plane material stresses exist. Therefore, the

plane stress assumption is not valid for a single crystal material. The plane strain

assumption also relies on isotropic material conditions and can be applied when the out

of plane strain is zero. A typical application where the plane strain assumption is applied

is a hollow cylinder, in which the radial strain is assumed to be zero when the length of

the cylinder is sufficient. However, for anisotropic single crystal materials the strain is



greatlyaffectedbythematerialorientation.Thesimplifiedstresstensormatrix(Eq.2-8)

isvalidonlywhenthespecimenis loadedparalleltheFCClatticeedges(Swansonand

Arakere,2000).Assumingthedirectionof theirtestspecimensisaccurate,Schuisonand

Xu mayusethisbasictransformation.However,thetruecomponentstresseswill have

out-of-planecomponents;thereforeplanestressisnotvalid. UsingEq.2-5thestrainis

equalto thestresstensormatrixmultipliedbythestress:

ex all a12 a12 0 0 0 _x

ey a12 all a12 0 0 0 Oy

_z a12 a12 all 0 0 0 o z

Tyz 0 0 0 a44 0 0 _yz

Yzx 0 0 0 0 a44 0 _zx

Yxy 0 0 0 0 0 a44 _xy

(2-13)

8x allOx + al2gy + al2Gz

8y al2Ox + a I lGy + al2O z

Ez al2Ox + al2'Oy + a lloz

7yz a44Zyz

Yzx a44_zx

Yxy a44_xy

(2-14)

Since out of plane strain is present (ez, yz,,, yyz) the plane strain assumption is not valid.

Cuitino and Ortiz (1996) also came to this conclusion after observing differing stress

fields at the interior and surface of their FEM, as well as slip that would produce out of

plane strains.

Using the plane stress and plane strain assumptions, Schulson and Xu calculated

two sets of resolved shear stresses for the 12 primary "easy slip" systems. They then

normalized these resolved shear stresses with respect to K_, the mode I stress intensity



factor,andr, the radial distance from the tip. Plotting the normalized shear stresses

against the angular displacement from the notch tip resulted in a series of shifting

maximum stresses, corresponding to the different sectors (Figure 2-15 and Figure 2-16).

Although they achieved similar slip system results for each assumption (Table 2-7), the

exact systems differ in certain sectors (II, llI, IV, V), and the sector angles are very

different in some cases (I/lI, IV/V). The sector I slip systems are equal under both

assumptions, but the stress is different. The difference in the specific slip systems in

[OLO]

Figure 2-15 Slip sectors under [-10-1] load. Actual experimental results.
Source: Modified from Schulson and Xu, 1997.

sectors II-III is of interest, but the systems under plane strain are merely the symmetrical



systemsfromthoseof planestress,exceptlib. InsectorIV however,althoughthe

maximumstressesareresolvedontothesameplanes,thedirectionsdonotmatch

betweenthetwoconditions.Finally,insectorV theplanestrainstressesjumpbackto

Table2-7Slipsectorsforplanestressandplanestrainassumptions.
Sector Plane Stress Plane Strain

8 (deg)
0-43

II 43-60

III 60-103

IV 103-180

V --

slip systems
(11-1)[-110]

(-111)[01-1]
(111)[1-10]

(111)[o1-1]
(1-11)[110]

(1-11)[o111
(11-1)[011]
(-111)[1101

e (deg)
0-23

23-60

60-107

107-133

133-180

slip systems
(11-1)[-110]

(-111)[01-1]
(-1-1-1)[-1101
(-1-1-1)[o1-1]
(-11-1)[-1-10]

(-11-1)[0-1-1]
(11-1)[101]
(-111)[lOl]

(-1-1-1)[0-11]
Source: Modified from Schulson and Xu, 1996.
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Figure 2-16 Maximum RSS slip system plots. Note the difference between the plane stress and
plane strain assumptions.

Source: Schulson and Xu, 1997.

the {111 } systems, as in sector II, yet at these same angles the plane stress is still on the

{-111 } planes (Table 2-7). The data correlates well for the elastic region, the "early slip"

(sectors II and III) between approximately 43-100", but greatly diverges in stress level in



sectorsI, I/II, andIV/V. AlthoughSchulsonandXuusealternateassumptionsof plane

stressandplanestrainfor theircomponentstresscalculationsunderisotropicconditions,

thecloseagreementbetweenthetwopredictsinitialsliponthe{111} and{-111} planes.

Table2-8Slipsectorsforplanestressandexperimentalresults.
Sector Plane Stress Sector Experimental

e (deg) slip systems e (deg)
I 0-43 (11-1)[-110] I 0-38

(-111)[o1-11
II 43-60 (111)[1-10] II 38-58

(111)[o1-1]
III 60-103 (1-11)[110] III 58-100

(1-11)[011]
IV 103-180 (11-1)[011] IV lO0-notch

(-111)[110]
Source: Modified from Schuison and Xu, 1996.

slip systems
('11-1)

(111)

(1-11)

(11-1)

Experimental results after significant plastic deformation reveal results that

deviate from those predicted by either plane stress or plane strain, but are remarkably

closer to the plane stress assumption (Table 2-8). Note, under the plane stress

assumption, out-of-plane strain is still present. Sectors II and III underwent early slip

nearly equally in both the +0 and -0 half-planes (which are symmetrical), with Sectors I

and IV being activated at later stages. Although the slip plane family can be determined

visually, some specific slip systems appear the same at the surface; in these cases

transmission electron microscopy (TEM) must be employed to detect the specific slip

system. Using TEM at the II/III boundary, Schulson and Xu observed [01-1] and [011]

dislocations, which confirms the good correlation to the plane stress model.

Noting the scarcity of work in this field Shield (1996) calls for further

experiments, particularly in pure tensile testing (versus three/four-point bending), to



observethedetailsoftheappliedstressonthestrainfield. Alsoof interestis the

observationofslipactivityaheadof thenotch,versusatlargeanglesfromthenotchtip;

numericalcalculationspredictplasticityinbothregions,butShieldobservedahigher

degreeof plasticitylargelyaheadof thenotchtip. Anidealtestwouldincorporate

parametersforspecimensize,typeof test,plasticity,hardening,latticerotation,etc.,and

eventuallyafatiguecrackratherthananotch.However,beforeincorporatingsuch

complexitythebasicmodelmustbebetterunderstood.Basedontheassumptionthat

stressandstrainfieldswill correlatewell,andontheassumptionthatyieldingisastress-

controlledprocessalone(CRSS),thisthesisbuildsoff previousworkby introducingan

elasticanalysisofanotchedsinglecrystalsuperalloymaterial.Theresultingresolved

shearstressespredictactiveslipsystemsandcanbeusedtodeterminesectorboundaries.

Themodelpresentedherealsobranchesintothetensiletestingsetup,versesthemajor

bendingmodelscreatedthusfar.



CHAPTER3
ANALYTICALPROCEDURE

Thisstudy'sgoalis tofindthestateof stressin thematerialcoordinatesystemof

anotchedsinglecrystalsuperalloytestspecimen,andthenusethosestressestocalculate

theresolvedshearstressesinthe12primaryslipsystems.Foranisotropicmateriala

singleelasticconstantgovernsthetransformationfromstressto strain(Eq.2-5).

However,theelasticityof ananisotropicmaterialisnotconstant,andanalyzingthestress

andstrainfieldsinasinglecrystalmaterialmustfirst beginwithdeterminingthespecific

materialpropertiesinadesiredorientation.Thestress-strainrelationfbrananisotropic

solidwithcubicsymmetryhasthreeindependentconstantsin thematerialcoordinate

system,aswellasa"stresstensormatrix,"insteadof asingleelasticityconstant,that

varieswithorientation.Sincetestspecimenorientationcanvary,weneedrequisite

equationstoconvertbetweenthespecimenandmaterialcoordinatesystems.

Coordinate System Transformation

The first step in defining the elasticity matrix is to determine the precise

orientation of the actual specimen, either in terms of the material Miller indices (direction

indices) or angular measurements. In a physical material test specimen, it is nearly

impossible to cut a sample such that the x, y, and z test axes are perfectly aligned to the

material axes: [100], [010] and [001] respectively. Therefore, a transformation is needed

to convert the known specimen stresses to the material coordinate system. The applied



stressesareameasureofforceperunitarea,andareaproductoftheslipplanegeometry.

In otherwords,thestressesvarybyslipplaneanddirectionaccordingto aparticular

plane'scross-sectionalareaanditsgivenorientationwithinaunitcubeof thematerial.

Therefore,thesestressesarenotaffectedbyanisotropy.However,onlytwomaterial

propertiesareindependentwithoutanisotropiceffects;theshearcouplinginducedin the

three-dimensionalmodel,andresultingcomponentstresses,will notbeproperly

accountedfor withoutthethirdindependentconstanttodefinethesinglecrystalmaterial.

Lekhnitskii'sbookontheTheory of Elasticity of an Anisotropic Elastic Body is a good

reference on this subject.

The transformation equations presented here follow the procedures outlined in

Lekhnitskii (1963) and Stouffer and Dame (1996). The transformation from the

specimen to the material coordinate system can be accomplished by two methods. In the

first approach, the angles between the original and transformed coordinate systems may

be directly measured to find the direction cosines. This method is preferable if the angles

are easily found. The second method, based on rigid body rotations, may be used for

more complex orientations, where the angles between the two coordinate systems are not

as obvious; here the Miller indices of the transformed axes must be known. In this

process, the axes are rotated through a series of steps to arrive at the final transformed

destination. As far as preference, neither method is more correct than the other, but in

experimental specimens it is often quite difficult to determine the exact Miller indices;

and it can be more convenient to measure the angles.

Coordinate transformations may be performed as long as the orientation of the

sample is known, and the transformation matrices can then be used to determine the



stresses and strains resolved on any given plane or slip system. The original coordinate

system will be defined as the material coordinate system: Xo = [100], Yo = [010], and

Zo = [001] (Figure 3-1). The transformed coordinate system is defined as the specimen

coordinate system, and is offset by some angular displacement from the original axes.

The specimen axes are denoted by x", y" and z"; all properties associated with the offset

system are also denoted by the double-prime symbol.

Three-Step Coordinate Axes Transformation

As noted above, the initial, or material, coordinate system is denoted by Xo, Yo, and

zo-axes:

Zo [001]

L
Y" Yo [100]

X tt

Z tt

Xo [100]

Figure 3-1 Material (Xo, Yo, zo) and specimen (x", y", z") coordinate systems.

The easiest way to complete the total transformation to the specimen coordinate system is

to break it into several rigid body rotations; here we will use a three-step process. The

first transformation, to the x, y and z axes, is performed by rotating by _o about the Zo-

axis (positive is defined as Xo toward yo) (Figure 3-2).

yo [0101



Zo [001 ]

Y

d direction

..................................................... X

/'_ _+ud° xo [100]

Figure 3-2 First rotation about the zo-axis.

Looking at the x-y projection clarifies the direction cosines needed to move from the

original to the rotated system (Figure 3-3).

" +_'t o..._ t

Yo
X

............................................................. "_ IJId°

• _ X O

A

Figure 3-3 Original and rotated axes projection.

The transformed coordinates, in terms of the original coordinates, are:

x; Xo'COS(gto)+ yo.sin(gto)

y = -Xo.sin(llto)+ Yo.COS (lifo)

z=z o

(3-1)

(3-2)

(3-3)



Writing the transformation for step one in matrix form is

cos(Wo) sin(Wo) 0 xo

- -sin(_o)cos(_o)0 • Yo (3-4)

0 0 I zo

The second transformation, to the x', y' and z' axes, is accomplished by reflecting the

load vector onto the x-z plane and rotating _1 about the y-axis (positive defined as z

toward x) (Figure 3-4).

y
y'

.......... X I

+tIJ 1

i '"" ...... ......... ,N

Z

Z'

Figure 3-4 Second rotation about the y-axis.

Following the same process as step one, the second transformation in matrix form is:

x' cos(vl) 0-sin(gtl) x

y' -- 0 1 0 y

z' sin(_¢l) 0 cos(vl) z

(3-5)

y_9 Z,_The final transformation to the specimen coordinate system, or the x", and axes,

occurs by rotating the y' and z'-axes by _¢2about the x'-axis (positive defined as y'

toward z') (Figure 3-5).



_I t9

]_via

/

..-

Load direction

Figure 3-5 Third rotation about the x'-axis.

The third transformation in matrix form is:

x" 1 0 0 x'

y,, - 0 cos(v2) sin(v2), y,

z" 0 -sin(v2) cos(V2) z'

(3-6)

The total transformation can then be calculated by multiplying the three individual step

matrices together (Note: the first transformation becomes the last one multiplied):

where

x" czl 131 71

Y" = °c2 132 Y2 " Yo

z" °c3 133 Y3 Zo

(3-7)

o_1 131 Y' 1 0 0 cos(gt,) 0-sin(v,) cos(gt0) sin(v0) 0

°c2 132 Y2 = 0 cos(v2) sin(v2) • 0 1 0 -sin(vo) cos(vo) 0

_3 133 Y3 0-sin(tl/2) cos(ll/2) sin(g/l) 0 cos(v1) 0 0 1

(3-8)

The resulting values represent the cosines of the angles between the material and

specimen coordinate system axes (Table 3-1).



Table 3-1 Direction Cosines

Xo yo Zo

x" eq 131 _

Y" 0{2 1_2 Y2

z" _3 133 Y3

Solving for the direction cosines, or the final transformation matrix:

0_1 [31 YI

c_2 [32 72 =l

Or3 [33 73

cos (_1)' cos (_1/0) cos (_1/1)"sin (_0) -sin (_ 1)

sin(_2).sin(_l).COS(_/0)-cos(v2).sin(_0) sin(_2).sin(vl).sin(_0)+cos(_2).cos(v0)sin(u/2)cos(u/l ) (3-9)

cos(_l/2)-sin(_l/I).COS(W0) + sin(_2).sin(tl/0) cos(w2).sin(_l/l)-sin(_l/0) - sin01/2)-cos(w0 ) cos(_l/2)cos(tl/I)

When fewer than three steps are used, the selection of primary and secondary rotation

axes is somewhat arbitrary and it is important to verify the results. Several checks based

on perpendicularity can be calculated to ensure a proper orthogonal coordinate

transformation has been performed (Appendix A).

Example Transformation

To illustrate a two-step transformation we will consider a load applied in the

[2 13] direction (Figure 3-6). This transformation is reduced to two steps by eliminating

the first

Zo[001]

,i

yo [0101

.......""

..................................-

.......... _ ...-

Xo [100]



Figure 3-6 Load in the [213] direction.

y [0_0]

z [001 ] x [100]

z-, Load direction [213]

Figure 3-7 Two step coordinate transformation.

step (i.e. _o = 0), and step two begins by reflecting the load vector onto the x-z plane.

The reflection shows a triangle whose sides are the x and z Miller indices: x = 2, z = 3.

The first angular translation, _, is:

2
1--"atan - (3-10)3

_l = 33.69 °

In the same way, the second angle, _2, forms a triangle with the hypotenuse, h, of the first

reflection and the y-translation: h = ,fi3, y = 1. Therefore, the second angular translation

is:

1
• 2 -- atan _ (3-11)

_u2= 15.50 °



(Note:_2mustbenegativeforthe[213]orientation.)Solvingforthedirectioncosines:

OCl]31YI 1 0 0 cos(_l)0-sin(_l)
o_2]32Y2 = 0 cos(_2) sin(_2) . 0 1 0

O_3 ]33 Y3 0-sin(_2) cos(_2) sin(gtl) 0 cos(gtl)

(3-12)

1 ]3 1 Y I 0.832 0 -0.555

c¢2 ]32 ]'2 = -0.148 0.964 -0.222

0.535 0.267 0.802c_3 ]33 _3

Following Appendix A all accuracy checks confirm a proper orthogonal transformation.

Stress and Strain Transformation

Once the direction cosines between the material and specimen coordinate axes are

known, the load conditions can be applied and incorporated into separate matrices to

correctly transform the individual stresses and strains. These transformed matrices are

then used to solve for the resolved stresses and strains in each desired slip system.

Following Lekhnitskii (1963) the stress transformation is:

{o"'} = [Q']{G} (3-13)

{G} = [Q,]-I {o"'} = [Q]{o"'} (3-14)

Here [Q] is the stress transformation matrix, a function of the direction cosines:



[0] =

2 2 2
C_l _2 c_3 2R3_2 2c_1c_3 2R2c_1

[312 [322 ]332 2-_3-132 2.[31.133 2.[32._1

2 2 2
T 1 Y2 Y3 2.13"12 2.y IY3 2""/2"Y1

_l'Yl ]32"Y2 ]33"13 (_2"T3 + _3Y2) (_l'Y3 + _3"YI) (_I'Y2 + _2'¥1)

T,'OC, "/2"(12 y3.(x3 (T2.o(3 + "/3.(12) (T,oc3 + T3.(ll) ('/1.(12 + y2.(Xl)

OCl._i (x2._ 2 oc3-_3 (oc2._3+oc3._2)(oc1_3+ oc3_1)(oc1_2+(x'2_1)

(3-15)

The state of stress is defined in terms of the specimen {o} or material {o"} stresses by:

(JX Oa'X

Oy O_'y

Oz (Y'z
{o} = {d'} = (3-16)

'ryz _'yz

TZX "_'ZX

"rxy "¢'xy

The strain transformation is carried out in much the same manner:

{a"} = [Q'_]{_;} (3-17)

-1

{_:} = [Q'_] {e"} = [Q,:]{,£"} (3-18)

The strain transformation matrix, [Q_], is also a function of the direction cosines, but

differs from the stress matrix, [Q]:

[Qel =

2 2 2
ocI oc2 oc3 oc3. oc2 _l-R3

2
_1 [322 _32 1]3"[32 _1"113

2 2 2
Y1 Y2 Y3 "/3'T2 Y1"Y3

2131"Y1 2132"12 2133"T3 (132T3 + [33T2) (]31T3 + 133'T1)

2T,'(l 1 2"/2"(12 2Y3.oc3 (g2oc3 + y3.oc2) (TlOC3 + T3.OCl)

c_2._ 1

_2']31

72"71

(_l'T2 + _2"Y1)

(yl.O_2 + T2.o_,)

2oc1-_1 2o¢2._ 2 2oc3-_3 (oc2-_3+oc3-_2)(oc1'_3+oc3'_1 ) (oc1_2+oc2-_1)

(3-10)



According to Hooke's law, an isotropic material's stress and strain for a uniaxiai state of

stress are related by:

a = E._ (3-20)

The generalized Hooke's law for a homogeneous anisotropic body is:

{O'} = [Aij]{E} (3-21)

where the [aij] and [Aij] matrices are the elastic constant matrices and:

[Aij] = [aij] -1 (3-22)

and [aij] is a symmetric matrix such that:

[aij] = [aji] (3-23)

Therefore

and

{_.} = [aij] {G} (3-24)

{£."} = [a'ij] {0"'} (3-25)

The elasticity matrix also undergoes transformation, but it remains symmetric. A

maximum of 21 individual constants may be present, depending on the specimen

orientation:

[a'ij] = [Q]T[aij][Q] (3-26)

Now, once the component stresses are known in the specimen coordinate system, the

above equations can be applied to solve for the component stresses in the material

coordinate system.



Slip System Shear Stresses and Strains

The component stresses define the complete state of stress of the material, but

these values alone reveal little about individual slip systems or RSS activity. The 12

primary slip systems (Table 1-1) are defined by both a slip plane and direction.

Incorporating their geometry is analogous to performing a separate transformation, and

allows all individual resolved shear stresses to be determined.

Resolved Shear Components

Following Stouffer and Dame (1996), the resolution of stress to the slip systems is

calculated:

{1:} = c[S]{o'} (3-27)

Here c and [S] are constants defined by the slip plane and direction:

ci- (3-28)

,Jh'i2+k'i2+i'i2.Ju'i2+v'i2+ w'i 2

S i = (h'i.u' i k'i.v' i r i. w' i -w, i -v, i -u,i) (3-29)

Here, [u' v' w'] is the slip direction and (h 'k' 1') is the slip plane (recall Figure 2-2). For

the 12 primary systems, c is constant and the full RSS matrix becomes:



"t 1

7:2

"t3

7:4

7:5

7:6

7:7

7:8

7:9

7:10

"Cll

"c12

_C"

h'l.U' 1 k'l.V' 1 l'l. w' 1 -w' 1 -v' 1 -u' 1

h' 2.u' 2 k' 2.v' 2 1'2.w' 2 -w' 2 -v' 2 -u' 2

h' 3.u' 3 k'3.v' 3 1'3 .w' 3 -w' 3 -v' 3 -u' 3

h' 4.u' 4 k' 4.v' 4 1'4 .w' 4 -w' 4 -v' 4 -u' 4 G x

h'5.u' 5 k'5.v' 5 1'5. w' 5 -w' 5 -v' 5 -u' 5 Cyy

h' 6.u' 6 k' 6.v' 6 1'6. w' 6 -w' 6 -v' 6 -u' 6 c3z

h'7u'7 k'7v'7 1'7w'7 -w'7 -v'7 -u'7 7:xy

h'8u'8 k'8v'8 1'8w'8 -w'8 -v'8 -u'8 7:zx

h' 9. u' 9 k' 9. v' 9 1'9. w' 9 -w' 9 -v' 9 -u' 9 l:y z

h'10.u'10 k'10.v'10 l'10. w'10 -w'10 -v'10 -u'10

h'll.U'll k'll.V'll l'll.W'll -W'll -V'll -U'll

h'12.u'12 k'12.v'12 1'12. w'12 -w'12 -v'12 -u'12

(3-30)

Solving Eq. 3-30 for the 12 primary systems"

-t 1

7:2 1 0 -1 1 0 -1

0 -1 1 -1 1 0
7:3

1 -1 0 0 1 -1

7:4 _x
-1 0 1 1 0 -1

7:5 -1 1 0 0 -1 -1 Oy

"c6 1 0 1 -1 -1 -1 0 °z
Z m.

1 -1 0 0 -1 -17:7 7:xy

0 1 -1 -1 1 0
7:8 7:zx

1 0 -1 -1 0 -1

7:9 7:yz
0 -1 1 -1 -1 0

7:10 -1 0 1 -1 0 -1

7:11 -1 1 0 0 1 -1

7:12

(3-31)

The shear strains are calculated in the same way as the stresses outlined above:

{y} = c[S]{_:} (3-32)



The stress and strain fields, fully resolved onto the primary octahedral slip systems, are

now known and can be used to predict slip within a particular system.



CHAPTER 4

NUMERICAL SOLUTION: FINITE ELEMENT METHOD

Finite Element Model

Finite element software can be used to model the specific geometries and

orientations of the tensile test specimens of interest (Figure 4-1). Using the ANSYS

finite element software (Version 5.7), three different samples were modeled in order to

predict slip activity and sectors around the notch. Two of the three orientations are based

on previous work (Rice, 1987; Schulson and Xu, 1997; Crone and Shield, 2001) and all

three correlate to collaborative work between the Mechanical Engineering and Materials

Science Engineering (MSE) departments of the University of Florida (UF). As a stress-

[110]

[0011 [-1101 [110]

[-11o]

[001]

I

[110] [001]

[-1101

Specimen A Specimen B Specimen C

Figure 4-1 Finite element analysis specimens and orientations.

based process, slip deformation should be predicted by the numerical model's highest

individual resolved shear stresses. The slip systems that are represented by the highest



resolved shear stresses should then be observable as slip lines in the experimental test

samples.

A solid tensile specimen was first modeled with the given load conditions and

then compared to the analytical solution outlined in Chapter 3, using MathCad 2000

Professional, to verify the numerical procedure and results. Two notches were then

incorporated into the model to represent the experimental test specimens. The finite FEA

component stresses were taken from the material coordinate system, around the notch,

and then used in the transformation equations to calculate the individual resolved shear

stresses. Data was analyzed over a wide range of radial and angular distances to create a

complete stress field, later used to draw conclusions on sectors and slip activation.

Verifying the Finite Element Model

The complete tensile specimen, without any notches, can be analyzed according

to the procedure outlined in Chapter 3 to verify the initial finite element model.

Although any model size should result in a correct analytical solution, the same

dimensions as those used for the actual specimens (minus notch geometry) were used for

consistency. The applied load used for all numerical models is 100 Ibs (7028 psi with the

specimen cross-sectional area). This load will result in stresses well below the yield

point of the material to ensure a purely elastic model. Since the stresses vary linearly

with the load, the actual load is not important as long as the material remains in the

elastic regime. The initial check gives excellent agreement between for the component

stresses (Table 4-1);

Table 4-1 Analytical and numerical component stresses for Specimen A.

Analytical 0 0 7027.9 0 0 0



Numerical%Error 3.6642 3.6643 7028.40.007%-3.717614.86E-03-2.49E-021
the percent error is well within acceptable limits, so the initial model affirms an accurate

coordinate and stress transformation. Although the stresses attest to an accurate model, a

better test of a correct anisotropic model is the component strains, which take the

transformed stress tensor matrix into account (Table 4-2). The component strains in the

Table 4-2 Analytical and numerical component strains for Specimen A.

_: E:x _ E:z _:xv _z Cxz

Analytical -1.83E-04 -1.83E-04 4.56E-04 0.00E+00 0.00E+00 0.00E+00

Numerical -1.83E-04 -1.83E-04 4.56E-04 -2.37E-07 3.09E-10 -1.59E-09

%Error 0.016% 0.016% 0.044%

material coordinate system again show nearly zero error, affirming a correct numerical

model. Each orientation was validated, using the same procedure outlined above, to

confirm correct stress and strain transformations before proceeding with the notched

model. Incorporating the notch geometry into the existing model will now complete the

actual specimen model.

Specimen Orientation and Geometry_

The three numerical models all utilize the same geometry, including simplified

notch geometry, to observe the effects of orientation without other defect/size

considerations. The finite element model (FEM) is limited to the body of the specimen,

rather than the entire geometry including the end grips. The reason for the abridged

model is two-fold: First, the mechanics at the grips are considerably different from the

center of the tensile specimen and include the effects of tensile rig contact pressure,

loading rate, etc.. In the experimental model, different deformation mechanisms are seen

at the grips, and the sample can even fracture there first. The goal here, however, is to



model those specimens which fail at the central area of the specimen and analyze those

stresses of interest. Second, in an attempt to gain more accurate results grips may be

changed or updated, as is the case currently in the MSE department. The numerical

model will not be subject to the type of grip used or any variations it may cause.

The geometry for all three models is based on the experimental counterpart to

Specimen A, and was modified to simplify the geometry. Table 4-3 shows the actual

specimen geometry of Specimen A, as well as the modifications made for the simplified

FEM (Figure 4-2). The notch is modeled as the combination of a perfect rectangle and a

perfect semi-circle. In reality the notch will likely have some angular offset with the

horizontal, as well as some y-displacement offset from the specimen's center. Also, the

actual notch tip is not semicircular, but rather a smaller arc. In the numerical model,

Thickness -

Notch Radius _

Notch Length """-._

Notch Height

i

Figure 4-2 Specimen dimensions.

Height

both notch lengths and heights were set equal to those of the largest actual dimension.

Additionally, the notch radius was set equal to the notch height (i.e. one-half the width of



thenotch)toformaperfectsemi-circle.Thesegeometricalsimplificationscanbeeasily

removedfor morespecifictestresults,ratherthanourgeneralfocusonorientation.

Table4-3Actual (Specimen A) and finite element specime

Specimen Geometry

(mm)

Width

Actual FEM

5.100 5.100

Height 19.000 19.000
Thickness 1.800 1.800

Right Notch Length

Left Notch Length

1.5501.300

1.550 1.550

0.113 0.113Right Notch Height

Left Notch Height 0.111 0.113

Right Notch Radius 0.045 0.113
Left Notch Radius 0.055 0.113

geometry.

Model Characteristics

Material Properties

The finite element model is a linear-elastic, orthotropic model. The ANSYS finite

element software has several three-dimensional elements available to account for

anisotropic or orthotropic material properties. Choosing these elements, and defining

either the three necessary independent stress tensors (al 1, a12, a44) or the three

independent directional properties (E, G, and v), will accurately model a single crystal

material. To calculate the stresses in any direction, the material properties must first be

defined within the material coordinate system. In the FEM, the model is created around

the global specimen coordinate system (Figure 4-3). Therefore, the proper direction

cosines must be used to create the material coordinate system. ANSYS aligns material

properties with the element coordinate system; therefore the element coordinate system is



alignedwiththematerialcoordinatesystemsothatthedirectionalmaterialpropertiesare

suitablyapplied.

Appliedload,_k
A y"

_Yo

"__--_ X v_

Z °0

zo

Figure 4-3 Global and material coordinate systems. The specimen is created around the

global system (Xo, Yo, Zo) and the material system (x", y", z") is later specified.

Elements and Meshin_

The ANSYS elements chosen for the FEM are PLANE2 and SOLID95. After the

three-dimensional solid model is created, the front face is meshed with the PLANE2

elements (Figure 4-4). This front face has precise element sizing along the defined radial

lines around the notch tip at 5 ° intervals. The PLANE2 element is a two-dimensional,

six-node triangular structural solid. It models irregular structures well and uses accurate

quadratic displacement functions (ANSYS 5.7 Elements Reference, 1999). The nodes

also incorporate orthotropic material properties, however these nodes are later deleted

after serving their sizing function and their material properties are not relevant.



Figure4-4Finiteelementmeshaboutthenotchtip.

Oncethefrontfaceismeshed,three-dimensionalelementsaresweptthroughthe

volumeto completethemeshingof themodel.Workinginconjunctionwiththetwo-

dimensionalelementsonthefrontface,thethree-dimensionalelementsretaintheirsizing

definitionsoneachofthex-yplanesthroughthespecimen'sthickness(Figure4-5).

SOLID95isathree-dimensionalstructuralsolidwith20nodes;eachnodehasthree

degreesof freedomwithtranslationin thex, y, andzdirections(Figure4-6). It hasthe

samebasicstructureastheANSYSSOLID45,buttheadditionof mid-sidenodesenables

moreaccuratesolutionsnearirregularshapes.SOLID95ispreferentiallyselectedforthis

veryreason,sincetheareaaroundthenotchisofthemostinterest.Alsocriticalis the

inclusionof orthotropicmaterialproperties,whichagaincorrespondto theelement

coordinatesystem.Theoriginalelementstructureis left intact,ratherthanenabling



pyramidalshapesto reducethesolutionruntime.Althoughthepyramidaloptionis less

costlyit mayresultin lessaccuratesolutions,especiallywheretherearelargestress

Figure4-5Elementsizingonthefrontfaceandthroughthethickness.Thetwodimensional
frontalelementsaresweptthroughthethicknessofthesampletoretainguidelinesforthethree-

dimensionalelements.Left,showingtheedgeofthespecimen;right,showingtheelements
throughthethickness.

gradients.SOLID95alsosupportsplasticity,creep,largedeflectionsandlargestrains

amongothers,andiswellsuitedforfurtherfuturedevelopmentofthenumericalmodel.

Z [001]

x [_oo1

#Y [010]

X .P _ W t0

,, -1
I 't ,_TI_ _J

Surface Coordinate System

Figure 4-6 ANSYS SOLID95 element.



Source:ANSYS5.7ElementsReference,1999.

Asdescribedpreviously,ANSYSalignsthematerialpropertieswiththeelements,

whichthemodelalignswiththematerialcoordinatesystem.ANSYSthentransformsthe

stresstensormatrixtoanydesireddirectionforstressorstraincalculations.Dueto a

weightednatureinthenodalstresssolutions,stresscalculationsareonlyavailableatthe

comernodes,ratherthanallcornerandmid-sidenodes.Toobserveboththenear-field

stateof stressandthosestressesatlargerdistancesfromthenotch(radialandangular),

sixconcentricarcswerecreatedatthefollowingradiifromthenotchtip:0.25"p,0.50*p,

1.00*p,2.00*p,3.00*p,and5.00*p;where9 isthenotchradius(Figure4-7andFigure

1-5).(Note:Initiallythe3.00*parcwasnotincludedanda 10.0*parcwaspresent.

Figure4-7Radialarcsusedforelementlocationandsizing;centeredatthenotchtip.

However,thelargerarcintersectedwithitscounterpartaroundtheopposingnotch.The

nodesselectedat3.00*9werenotcreatedalongadefinedradius,butwerecarefully

chosenbyhandthroughtheANSYSGraphicalUserInterface(GUI).)



Solution Location

The element sizing of the FEM allows data to be collected on any of five separate

x-y planes (Figure 4-5), including the front, middle, and back planes. In the interests of

our collaboration with the MSE department, the current focus is on the front surface of

the specimen. Here, at the surface, we can observe slip lines and make: comparisons to

the numerical model. Unlike models that use a plane strain assumption, it is not critical

to collect data on the central planes versus another location. The decision to examine the

state of stress at the surface is practical both from a mechanics perspective (considering

surface effects) and the desire for collaboration.

The nodes that lie on the concentric arcs around the notch tip are selected by first,

manually viewing the arcs in the GUI and then, choosing the corresponding nodes from

0 ° to180 ° from the x-axis (toward the y-axis). Calculations do not need to be performed

from 0 ° to -180 °, because the superalloy, an FCC material, exhibits symmetry about the

<100> and <110> axes (see Chapter 2). To check this assumption, stress calculations

were performed on Specimen A for the 0.25"p arc and confirmed the symmetry. For the

negative angles, the particular resolved shear stresses change direction, along with the

changing direction of shear deformation between the top and lower halves of the test

specimen. However, the maximum values of the resolved shear stresses are consistent

between the positive and negative angles, as are the planes with those stresses.

Assumptions

A linear elastic model may predict the initial slip, but cannot precisely predict

subsequent behavior due to plasticity around the notch tip. Some other modeling

assumptions include low temperature deformation, no account of microstructural (i.e.



dislocation)mechanisms,andnocrystallatticerotation.Finiteelementanalysisis

capableof accountingfor changingtemperatureeffects.However,inordertosimplify

themodelandcollaboratemorecloselywiththeMSEdepartment,theFEAapplied

materialpropertiesataconstant(room)temperature.Theexclusionof microstructure

hasalsobeendiscussed.Thelastassumption,however,isvalidforthiselasticmodel;

crystallatticerotationgenerallyrequiresafewpercentstraininasingleslipsystemto

occur(StoufferandDame,1996)andtheloadusedhereisextremelylow. TheFEAhere

assumesonlyelasticdeformation,andseeksonlyelasticstressandstraintrendsrather

thanspecificvaluesatfracture.Futureresearchcaneasilybuildfromthecurrentmodel

to incorporateplasticity,aswellascreeporotherdesiredbehaviors.



CHAPTER5
RESULTSANDDISCUSSION

Themainpurposeof usingFEMwastodeterminetheslipactivationandresulting

sectorsforanotchedsinglecrystaltensilespecimen.Resultsarepresentedhereforan

elasticstressresponseto thegivenloadontheprimaryoctahedralslipsystemsabouta

notchtip,withtheRSSasafunctionof radialandangularposition.Theabsolutevalues

oftheresolvedshearstressesareusedforeasycomparison,sincethedirectionis

irrelevantforthisanalysis.Aspredicted,eachofthethreeorientationsshowsdifferent

slipactivation,andatdifferentlocations.Thedeterminationof sectorsisamorecomplex

questionthaninitiallyindicatedbythemajorityof theliterature,andwill firstbedefined

asthedominantslipsystematanytheta(i.e.thesystemwiththehighestRSSatany

theta).Eachorientationwill bepresentedindividuallyatfirstandthencomparedwith

eachother.

Specimen A

Recall, Specimen A was tested with a [001] load, a [-110] growth direction, and a

[110] notch plane (Figure 4-1). The maximum RSS at any location is _2=25,000 psi at

r = 0.5*9 and 105 °, or 3.56*¢Yapplied. Results are presented for the 12 primary RSS values

from 0.25*9 to 5*p and from 0 ° to the top of the notch (100 ° for 0.25*9 up to 170 ° for

5*p) (Figures 5-1 to 5-6). The slip system with the maximum RSS varies with radial and

angular position; sectors were determined for each radius by the overall maximum RSS,

68



orthedominantslipsystem(Table5-1).Noticethatforagivenanglethedominant

system(andoftentheotheractivatedsystems)isnotconstantovertherangeof radii. As

thestateof stresschangesawayfromthenotchtip,theRSSalsochanges;however,each

componentstressdoesnotchangeuniformlywiththeothers,sotheirstatusrelativeto

eachothermaychangeandshiftwiththemagnitudeof theirstresses.Thereforethe

dominantslipsystemislikelyto changeoneormoretimesforagiventheta.

WhentheRSSisplottedagainstthetatheeffectofthetaisclearlyshown.The

effectof radius,ontheotherhand,canbemoreclearlyseenbycombiningtheresultsina

singleplotwiththe12primarystressesfortheentirerangeof radii(Figure5-7).The

stressesateachradiushavebeenscaledsotheyappearinascendingorder(withrespectto

radialdistance)fromtheorigin.Theamountof datacanbedifficultto interpret,but

showstheoverallchangeswell;for moredetailtheindividualradialfiguresshouldbe

investigated.Toobservetheeffectofradiusatagivenangle,letuslookattheRSS

changesalong0 = 85 ° as an example: at r = 0.25"p, "c6is the maximum RSS; however the

largest stress quickly shifts to "c2from r = 0.5*9 to 3"9, and then back to 1:6at r = 5*p.

Some angles do maintain a single dominant slip system for all radii (z2 at 57°-68 ° here),

but overall the slip systems and sectors are highly variable throughout the RSS field.

Overall the RSS field for Specimen A is dominated by "el,"t2, and T3 on the (111) plane,

and to a lesser extent _6 and "rll, both on {-11-1 } planes.
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Specimen B

Specimen B was tested with a [-110] load, a [110] growth direction, and a [001]

notch plane (Figure 4-1). The maximum RSS at any location is "c4=25,720psi at r=0.5*p

and 105 °, or 3.66*(Yapplied. Note, this stress is moderately higher than the maximum for

Specimen A and is in a different slip system, however it does occur at the same location.

Results are again presented for the 12 primary RSS values from 0.25"p to 5*p and from

0 ° to the top of the notch. Like Specimen A, the slip system with the maximum RSS

varies with radial and angular position. The dominant slip system sectors at each radius

show a larger number of sectors than Specimen A, especially for higher angles (Table 5-

2). Again, the dominant system is not constant over the range of radii.

Like Specimen A, the resolved shear stresses change values and shift positions

relative to each other with respect to theta. Combining and scaling the 12 primary

stresses for the entire range of radii gives the entire RSS field (Figure 5-14). Although

the number of activated slip systems is higher for Specimen B, the angular range that

maintains a single dominant slip system for all radii is significant with T4 ranging from

63°-100 °. Overall the RSS field is dominated by "r4,"r6,"rT, and "r8on the {-1 l-1 } planes.

The field also shows "c9and "rl2briefly, again on the {-11-1 } planes, as well as "eland _3,

which emerge at high angles on the (111) plane.
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Specimen C

Specimen C was tested with a [110] load, a [001] growth direction, and a [-110]

notch plane (Figure 4-1). The maximum RSS at any location is "c2=22,200psi at r = 0.5*p

and 105 °, or 3.16*Oapplied. This stress is lower than the maximum for either Specimen A

or B, again occurring in a different slip system but at the same location in the RSS field.

Results are again presented for the 12 primary RSS values from 0.25"p to 5*p and from

0 ° to the top of the notch. Like the two previous specimens, the slip system with the

maximum RSS varies with radial and angular position. The dominant slip system sectors

for each radius reveal a larger number of sectors than Specimen A at higher angles, but

approximately the same as Specimen B (Table 5-3). Again, the dominant system is not

constant over the range of radii.

Consistent with Specimens A and B, the resolved shear stresses change values

and shift position relative to each other with respect to theta. Combining and scaling the

12 primary stresses for the entire range of radii gives the entire RSS field (Figure 5-21).

Like Specimen B, although the number of activated slip systems is higher, the angular

range that maintains a single dominant slip system for all radii is considerable with _2

ranging from 64°-97 °. Overall, the RSS field is dominated by "c2, "c4,"c5,1:1o, and "c_1on

both the (111) and {-11-1 } planes. At high angles "c3,_7, and "c8briefly appear, again on

the (111) and {-11-1 } planes. Specimen C, therefore, shows a dominant system on each

of the four possible primary slip planes in the RSS field.
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Specimen/Orientation Comparison

For each of the three specimens, the [001] orientation occupies a different axis of

the notch geometry: for Specimen A [001] is the load axis, for Specimen B it is the notch

plane axis, and for Specimen C it is the growth axis. Comparing these three orientations

is advantageous, because although [001 ] is the most common growth direction (and

presumably load direction) a complex part like a turbine blade may have stress

concentrations close to one of the specimen notch orientations.

The radius with the maximum RSS, r = 0.5*p, is a good location to begin to

compare data. For all three orientations the number of dominant slip systems is very

small at this radius: two for Specimen A and one for Specimens B and C. As noted

above, Specimen B has the highest RSS overall, and it is also the only specimen with the

maximum RSS not on the (111) plane. Of greater interest though, in terms of application,

is that Specimen C has the lowest RSS. Not only does Specimen C have the overall

lowest maximum RSS, but its second highest stress is significantly lower than the other

two orientations as well. The "second maximum" for r = 0.5*p again occurs at 105 ° for

all three orientations: For Specimen A "r6=23,800 psi (3.39*(Yapplied), for Specimen B

-c12=24,570 psi (3.50*O'applied), and for Specimen C "c5=19,930 psi (2.84*aapplied).

Recall, Specimen C is the only specimen to eventually activate all four primary

slip planes, though at its maximum it is still limited to only the (11 l) plane. From a

mechanics perspective, it is unclear whether the slip plane itself has an effect on the

desirability (or lack thereof) of one orientation over another. In fact, certain attributes

(such as the second, third, and fourth maximum RSS values) may actually be a more

desirable criteria as they determine whether mechanisms such as cross-slip will occur.

These mechanisms, though they may result in more deformation, can also avoid fracture



byreleasingenergythroughductiledeformation.Therefore,anypropositionsregarding

thebestorientationwill beavoidedhereandlefttothosewithagreaterknowledgeof

dislocationandotheratomicmechanismstodeterminethemostfavorabledesign

orientation.Nonetheless,fromamerelystress-basedapproachSpecimenC istheclear

candidatetodesignfor a largerloadtoleranceofthenotchedspecimen.

Experimental Results

As noted in the introduction, these experiments had a dual purpose of analyzing

the orientations tested, and also providing a numerical analysis to compare experimental

results to, specifically those obtained by the MSE department. As of the writing of this

paper, the MSE department had tested Specimen A in a paper published by Forero and

Ebrahimi (TMS Annual Meeting, 2002); those results will be compared here. Forero and

Ebrahimi applied a 1100 Ib tensile load to the specimen (exact geometry given in

Chapter 2) whose orientation is the same as Specimen A. Although the specimen

orientation is symmetric about the notch, some results vary between positive and negative

theta (probably due to irregularities in the notch cutout); therefore all values are presented

here. The 5*9 radius will be used to minimize the effects of plasticity at the notch tip and

correlate better with the elastic model. After scaling the numerical curves for the actual

applied load, we can draw in the yield stress ('[yield _ 47 ksi) to see which slip systems are

predicted to be activated (Figure 5-22). The FEA results predict slip activation from 0 ° to

135 °, however, in the experimental test activation is only visible at the given radius up to

110 °. Also, whereas several systems are predicted to be active in many locations, the

experimental specimen generally shows a single dominant system in each sector (Figure

5-23). Recall, the exact slip system cannot be determined by the slip trace analysis alone



(Figure 5-24); nonetheless, correlating the known slip plane to the numerical prediction is

still a good measure of the model's accuracy. The single dominant slip systems predicted

for each sector by the FEA and those indicated by the experimental specimen do not

match (Table 5-4); however, the visible systems are among those predicted to be

activated by the applied stress level.

80

70

Resolved Shear Stress v. Theta

Specimen A (Actual Load)

6O

3O

20

10

0 20 40 60 80 100 120 140 160

Theta (deg)

Figure 5-22 Experimental load for Specimen A. The dashed line indicates the yield stress of the
material; any RSS curves above this line represent slip systems that should be activated.



Table5-4SpecimenA experimentalresults.
Dominant Slip System Sectors

Specimen A r = 5.0* 9

Sector

I

Numerical Solution

"[max Slip System

,[1 (111)[10-1]

54-68 ,[2

68-86 "[6

(111)[0-11]

(-11-1)[011]

IV 86-122 ,[2 (111)[0-11]

V 122-145 t3 (111)[1-10]

Vl 145-165 "[9 (1-1-1)[101]

Note: The given plane will refer to either the"
analogous to (-l-

Experimental Results

0-75

-(0-65)

75-90

-(65-100)

90-110

-(100-115)

Slip Plane

(111) or (11-1)

(111) or (11-1)

(-111)

(1-11)

(111) or (11-1)

(111) or (11-1)

)ositive" or "negative" plane: i.e. (111) is
-1).

Figure 5-23 Experimental tensile test specimen Material A.
Source: Forero and Ebrahimi, 2002.
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Figure 5-24 Tensile test specimen and surface slip lines.
Source: Courtesy, Dr. Fereshteh Ebrahimi, UF.

Application

As shown in the previous section, a set of charts giving the RSS as a function of

both 0 and p about a notch tip can be used to predict the active slip systems and sectors

for a given load and yield stress. Because the resolved shear stresses are linear, the charts

can be modified for any desired load level by simply multiplying the original applied load

(100 lb = 7028 psi) by some constant to reach the new load level. The sectors can be

determined by drawing in the yield stress level and obtaining those angles where the

resolved shear stresses intersect that yield level. Any resolved shear stresses above the

"yield line" should be activated and the intersections determine the sectors.



Example

A tensile test is conducted on a specimen with geometry and orientation identical to

Specimen A. A 2 kip load is applied to the specimen, whose material is known to have a

yield stress near 50 ksi. The original load, 1001b, is multiplied by 20 to reach the new

load; an identical cross-section allows a similar multiplication of the originally applied

7028 psi to 140.6 ksi. The original chart can then be scaled by the same factor, giving a

range from 0 to 450 ksi. The yield line is drawn in at 50 ksi (Figure 5-25); all individual

RSS lines above the yield should be activated at the corresponding intersecting angles.

This example shows eight separate slip systems being activated for the entire range of

angles at the given radius (Figure 5-25). Two additional slip systems are initiated at 40 °

and 42 °, giving essentially two sectors with different possible activations: 0°-40 ° and 40 °-

Specimen A

r = 0.25* 9
Resolved Shear Stress v. Theta

400

300

200

100

(Yy

0

0 10 20 30 40 50 60 70 80 90 100

Theta (deg)

Figure 5-25 Numerical plot adjusted for example load; yield stress indicated.



iSpecimen A

r = 0.25"p Resolved Shear Stress v. Theta

450

350

(3'y

0 10 20 30 40 50 60 70 80 90 100

Theta (deg)

Figure 5-26 Numerical plot adjusted for example load; maximum RSS changes with theta.

100 °. However, the maximum RSS varies along the radial line, and the dominant slip

systems shifts from "rll (-1-11) to "c2(111) to "r6(-11-1), giving three sectors where the

dominant system shifts: 0°-17 °, 17°-82 ° , and 82°-100 ° . Although the total number of

activated systems and their sector angles is subject to the specific applied load, the

systems with the highest RSS should always be the ones that undergo visible deformation

first. Beginning at high angles, "t6 should initiate first, followed by "c2surrounding most

of the notch, and finally "ell should initiate directly ahead of the notch.

General Material Slip Activation

Material A is a good experimental material to compare a simplified model to

because it does not experience a large amount of strain hardening. Strain hardening, the

result of cross-slip, and other deformation behaviors can inhibit analysis because the



evidenceof theoriginaldislocationmotionmaynolongerbeevident.Thiscaseiswell

illustratedwithanothersuperalloy,"MaterialB,"whichundergoesalargeamountof

cross-slip;cross-slipdominatesthesurfaceandmakesit difficulttodeterminethe

originalslipactivation.Themodel'selasticsimplificationalsobetterpredictsslip

activationforlowstrainhardenedmaterialsbecausethesematerialsdonotundergoa

largestageofplasticdeformationbeforetheyfail. Therefore,thecurrentmodelshould

correlatewellwithothermaterialswithsimilarbehavior.

If themodelisdevelopedintoanelastic-plasticmodel,thenit shouldpredictslip

activationevenmoreaccuratelyinmaterialslikeMaterialA,andmayevenbeappliedto

strain-hardenedmaterials.However,sincestrainhardeningisaresultof dislocation

mechanisms,whosescopeexceedsthestandardmechanicsregime,it isunknownwhether

amodelthatdoesincorporateplasticitywouldaccuratelypredictslipactivationand

sectors.



CHAPTER 6

CONCLUSIONS

A three-dimensional linear elastic finite element model that includes the effect of

material anisotropy provides a good indication of active slip planes and sectors at

the surface of a notched tensile test specimen.

. Slip sectors determined by the stress field are not constant for a given material, as

generally indicated by the literature, but are determined by the specific applied

load and yield stress of the material.

Under tensile loading, a specimen with a [110] notch plane (primary) orientation

and a [001] notch growth direction will have lower resolved shear stresses than

one with [001]/[-110] or [-110]/[110] notch plane/notch growth directions,

respectively.



CHAPTER7
RECOMMENDATIONSFORFUTUREWORK

Theelasticmodelpresentedhereappearsto predictslipaccurately,andcanbe

usedtopredictfatiguebehaviorbasedonequationsthatincorporateindividualRSS

values,suchasfatiguelife (SwansonandArakere,2000).TheRSSvalues,eventhough

basedonanelasticmodel,arevalidherebecausethefatiguelife isdeterminedfromthe

stressesintheelasticregime.However,fracturemechanismsarealsoof greatinterestin

thisareaof study,inwhichcaseaplasticmodelshouldbedevelopedthatcanaccurately

incorporatetheelasticregimepredictedhere,aswellasplasticbehaviornearthenotch

tip. Uponenteringtheplasticregime,however,futureworkshouldbeawareof themany

addedfactorsthatcomeintoplay,includingstrainhardening,crystallatticerotation,

creep,etc..

Theorientationspresentedherehavebeenstudiedbyothers,withvaryingdegrees

of success,yetfewhaveconductedtestsdeviatingfromthe<100>or<110>orientations;

although,thereissomedegreeof workdoneforthe<111>orientation.Sincetheelastic

model'ssimplicitymakesit efficient,futureresearchshouldentailtestingforother

orientationswithasimilarmodel,withtheultimategoaleventuallybeinganaccurate

elastic-plasticmodel.Also,duetothevariationinpastresearchwheresectorsare

determinedbystressor strain fields, a study should be done to compare the stress and

strain fields and the resulting sectors for the same load and model to confirm their

correlation.



APPENDIX A

EXAMPLE COORDINATE TRANSFORMATION AND ACCURACY CHECKS

Example Coordinate Transformation

x' cos (_1/1) 0 -sin (_1/1) x

y' = 0 1 0 y

z' sin(iv1) 0 cos(_l) z

x" i 0 0 x'

y" = 0 cos(-_2)-sin(-g/2), y'

0

x" ¢xl 131 Yl x

y" = 0_2 132 "/2 . y

z" 0¢3 [33 Y3 z

o_1 131 `/1 1 0 0

¢x2 132 "/2 = 0 c°s(-tff2)-sin(-u/2) •

"3 133 "/3 0 sin(-_l/2) cos(-_l/2)

cos(_I/l) 0 -sin(tl/1)

0 1 0

sin(_l) 0 cos(_l)

Ctl 131 "/1 cos(ll/l) 0 -sin(tl/1)

o_2 [32 Y2 = sin(tl/2)'sin(ll/1) c°s(/l/2) sin(/l/2)'cos(/l/1)

ix3 ]33 "/3 c°s(/l/2)'sin(/l/l)-sin(ll/2) cos(g/2)c°s(/l/1)

2
_I/1 = atan -- g/1 = 33.69

3

1
• 2 = atan gt 2 = 15.50

,fi5



c_2 132 _'2

c_3 if3 73

co_(_,1) 0 -sin(_,)
sin(_2).sin(_1) cos(_2)sin(_2)-cos(_,)
co_(_,_)._in(__)-_in(_,_)co_(V_)-co_(_,)

(Xl 131 71 0.832 0 -0.555

(z2 [32 72 = 0.148 0.964 0.222

(z3 133 73 0.535-0.267 0.802

Checks for Accuracy

All should equal zero:

°_l(Z2 + 131132 + 71]'2 = 0

o_1.131 + c_2.13 2 + o_3._3 = 0

CtlC_3 + ff]ff3 + 7173 = o

CZl.71 + (z2.72 + c_3.73 = 0

°_3°_2 + _3132 + 73]'2 = 0

[3171 + ff272 + ff373 = 0

All should equal one:

2 2 2 2 22 2_l +131 +71 =1 c_2 +13 +72 =1

2 2 2 2 22 32°el +_2 +ct3 =1 131 +13 +13 =1

2 32 2o(3 +13 +73 =1

2 2 2
Y1 +72 +73 =1

All checks affirm a proper transformation.
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dislocation)mechanisms,andnocrystallatticerotation.Finiteelementanalysisis

capableof accountingforchangingtemperatureeffects.However,inordertosimplify

themodelandcollaboratemorecloselywiththeMSEdepartment,theFEAapplied

materialpropertiesataconstant(room)temperature.Theexclusionof microstructure

hasalsobeendiscussed.Thelastassumption,however,isvalidfor thiselasticmodel;

crystallatticerotationgenerallyrequiresafewpercentstraininasingleslipsystemto

occur(StoufferandDame,1996)andtheloadusedhereisextremelylow. TheFEAhere

assumesonlyelasticdeformation,andseeksonlyelasticstressandstraintrendsrather

thanspecificvaluesatfracture.Futureresearchcaneasilybuildfromthecurrentmodel

toincorporateplasticity,aswellascreeporotherdesiredbehaviors.


